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Abstract In this article, we study the well-posedness and asymptotic behaviour of solutions
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1 Introduction

In this article, we investigate the well-posedness and exponential stability for a porous-
elastic system in thermoelasticity of type III with distributed delay term, under the
initial and boundary conditions, which has the form

PWtt — UWzy — bgOm = 07 ('ra t) S (07 1) X (07 OO),

Jou — 00ps + bwy +Ep+ B0, =0, (z,t) € (0,1) x (0, 00),

aby — 60,0 + Bowe — kOppy — / 9(8)0e(x,t — s)ds =0, (x,t)€(0,1)x(0,00),
ol

wl,0) = o), wa(e,0) =w(a), @lw,0) = pola), 7€ (0,1), (1)
oi(x,0) = p1(z), 0(z,0) =0(x), 0(z,0)= 61(:6), T € (O, 1),
( ) = ( t) = @x(oat) = sz(lvt) = Q(O,t) = 0(17t) 0, te (0700)7

)
etl"( T, — ):fg(x,t), (‘rat)e(O?l) X<077-2)7
where w=w(z,t), ¢ =p(z,t) and 0 =60(z,t) are the displacement of the solid elastic
material, the volume fraction, and the difference temperature, respectively. The pa-

rameter p is the mass density and J equals to the product of the equilibrated inertia
by the mass density. The coefficients p, b, 6, €, 5, a, and k are positive constants, such

that wlp =6/ @)

and
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ué > b, (3)
and ¢ : [r, 2] — R is a bounded function, with 71 and 7, are two real numbers
satisfying 0 < 73 < 7. The initial data wgy, w1, @0, @1, 6o, 01, and fy belongs to the
suitable functional space.

In [I], Lacheheb et al. considered the system without distributed delay term.
The authors established the well-posedness result and proved that the system is ex-
ponentially stable under condition (Z2), and a polynomial decay when the wave-
propagation speeds are different. As for the previous results and developments of
porous-elastic problems, they have stated and summarized in great detail in [I]. The
readers, for a better understanding of present work, are strongly recommended to [I]
and the reference therein (e.g. [2]-[9]).

Time delays arise in many applications because most phenomena naturally depend
not only on the present state but also on some past occurrences. Introducing the delay
term makes the problem different from those considered in the literatures. It has been
established that voluntary introduction of delay can benefit the control (see [10]). On
the other hand, it may not only destabilize a system which is asymptotically stable in
the absence of delay but may also lead to ill-posedness (see [11], 12] and the references
therein). Therefore, the issue of well-posedness and the stability result of systems with
delay are of practical and theoretical importance. In recent years, the control of partial
differential equations with time delay effects has become an active area of research (e.g.
[13]-]20]). Nicaise and Pignotti [19] considered the wave equation with liner frictional
damping and internal distributed delay

T2
pu = Bt -+ a(e) [ (s)un (¢ = 5)ds =

in © x (0,1), with initial and mixed Dirichlet-Neumann boundary conditions and a
is a suitable function. They obtained exponential decay of the solution under the

assumption that .
folle [z (s)ds < .

T1
The authors also obtained the same result when the distributed delay acted on the part
of the boundary. Kafini et al. [I5] considered the following Timoshenko-type system
of thermoelasticity of type III with distributive delay

prpw — k(0 +10), =0,
prtt - waz + k(@z + 1/}) + Betx = 07

T2
p39tt - (sex:r - ketzz - / g(S)etm(ﬂ?,t — S)dS + VPt = 07
T1

where 77 < 75 are non-negative constants such that g : [r, 3] — R represents dis-
tributive time delay. They proved an exponential decay in the case of equal wave
speeds and a polynomial decay result in the case of nonequal wave speeds with smooth
initial data. Recently, Khochemane et al. [16] considered the following one-dimensional
porous-elastic system with distributed delay term acting on the porous equation

Py — gy —bp, =0, x € (0,1), t>0,

J¢tt - 5¢xac + bux + £¢ + M1¢t + /72 MZ(S)(bt(t o S)dS = 07 S <07 1)7 t>0.

T1
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Under suitable assumptions on the weight of distributed delay, the authors established
the well-posedness result and show that the dissipation given by this complementary
control stabilizes exponentially the system for the case of equal speeds of wave propa-
gation.

Motivated by the above results, we establish the well-posedness result and prove
that the system is exponentially stable for the case of equal speed of wave propagation.
The paper is organized as follows. In Section 1, we present preliminaries and main
results. In Section 2, we use the semi-group method to prove the existence and unique-
ness of the solutions. In Section 3, we use the energy method to prove the exponential
stability result under the conditions and .

2 Preliminaries and main results

To exhibit the dissipative nature of the problem , we introduce some new variables
U = W, ¢ = ©t.

As in [21], we introduce the new variable
z(x, p,s,t) = O (x, t — ps), x€(0,1), pe(0,1), s€(n,m), t>0.

A simple differentiation shows that z satisfies

sz(x, p,s,t) + zp(x, p,5,t) =0, z€(0,1), pe(0,1), se&(n,mn), t>0.

Then system takes the form

PUy — Mgy — b, =0, (x,t) € (0,1) x (0, 00),
ngtt - 5¢aca; + buw + §¢ + 5975:5 = 07 (l‘7t) S (07 1) X (07 OO))

T2

aett - 50xx + ngtx - ketmw - / g(S)ZI(ZL‘, 1a Sat>d8 = 07 (ZE, t) € (O’ 1) X (07 00)7

sz, p,s,t) + z,(z, p,5,t) =0,  (x,p,5,t)€(0,1)x(0,1)x (71, 72) % (0,00), (4)
u(z,0) = up(x), w(x,0) =ui(z), &(x,0)=¢o(x), = €(0,1),

Oi(x,0) = ¢1(x), O(x,0) =0(x), O;(x,0)=0(x), xe€(0,1),

uw(0,t) = u(l,t) = ¢.(0,t) = ¢.(1,t) = 0(0,t) =0(1,t) =0, t € (0,00),
2(x,p,8,0) = folz, ps), (x,p,8) €(0,1) x(0,1) X (11, 72).

Concerning the weight of the delay, we assume that
T2
| lot)ls <. 5
T1

From equation 2 and the boundary conditions, we easily verify that

dt2/¢xtdx+ /gzﬁxt
We introduce

e ool L)
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We know that (u, 0,6, z) satisfies the boundary conditions, and more importantly

1
/ ¢ (x,t)de =0, Vi > 0.
0

Hence, the use of Poincaré inequality for ¢ is justified. In what follows, we will work
with ¢ . For convenience, we write ¢.

From now on, we let U = (u,v, ¢,,0,9,2)T, where v = u;, ¥ = ¢; and 9 = 0;.
System can be written as an evolutionary equation

U'(t) = AU(t), t>0, U(0)=Us= (ug,u1,do, 1,600,601, fo)". (6)

where A is a linear operator defined by

b
Bumx + _¢x
p p
) b v & 15}
_ L by — =y — 2 — =0
) k
(6% « «
__Zp(xa/);&t)
S

We consider the following space H}(0,1) = H'(0,1) N L2(0,1), where L2(0,1) = {w €
L?(0,1) fo x)dr = 0}, and the energy space

H=H3(0,1)xL*(0,1)xH(0,1)xL2(0, 1)x H} (0, 1)x L*(0, 1)< L*((0, 1)x (0, 1)x (71, 7)),
equipped with the inner product

1
<U, 17>H = / [pUD + pitliy + £66 + JUb + 6dudy + 00,0, + ) + buyd + boii,]da

i / / / s19 ()] = (x, p,5) % (z, p, 5) dsdpda. (7)

The domain of A is given by
UeH|ue H*0,1) N HL0,1), ve H0,1), <;5 € H2(0,1) N H(0,1),
DA)={ e H0,1), ¥eHN0,1), &0+ (k: + [ ‘Sds) 9 e H2(0,1),
2,2, € L*((0,1) x (0,1) x (71772))

where H2(0,1)={w e H*(0,1); w,(0) =w,(1)=0}. Clearly, D(A) is dense in H. We
give the following well-posedness result of problem @

Theorem 2.1. Let Uy € H and assume that (@ hold. Then, there exists a unique so-
lution U € C(RT;H) of problem (6). Moreover, if Uy€ D(A), then U € C(R*; D(A)) N
CHRT;H).
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To state our decay result, we introduce the following energy functional:

1
E(t) = 5/0 [pui + J@; + b} + pu? + 667 4 002 + £¢* + 2bdu, | do

+ / / slg (s (x,p, s,t)dsdpdzx. (8)

We have the following exponentially stable result.

Theorem 2.2. Let (u,¢,0,z) be the solution of the system and we assume that
(@, (@ hold. Then, the solution (u,®,0,z) decays exponentially, i.e. there exist two
positive constants ko and ki such that

E(t) < koe™ ! vt >0. (9)

3 Well-posedness

In this section, we give the proof of the well-posedness of problem by making use
of Lumer-Philips theorem [22] 23].

Proof. (of Theorem @) To prove the well-posedness result, it suffices to show that
A : D(A) — H is a maximal monotone operator. For this purpose, we need the
following two steps: A is dissipative and Id — A is surjective.

Step 1. A is dissipative.

For any U = (u,v, ¢,,0,9, 2)T € D(A), by using the inner product and integrating
by parts, we can imply that

(AU U),, = —k/ﬁQdI—i-/??/ $)ze(z, 1,8, t)dsdx

/// 19(5)]2(@, p, 5, 8)2, (2, p, 5, E)dsdpda. (10)

The last two terms of the right side of (10]) can be estimated as follows

/19/ $)zz(w, 1, 8,t)dsdr=— / / 2(z,1,s,t)dsdz
/ 9(s) |d=9/?92d$+ // lg(s)|2%(x, 1, s, t)dsdx, (11)
/// lg(s)z(z, p, s,t)z,(x, p, s,t)dsdpdx

-2 /n \g(s)\ds/o adx — B /0 /T1 l9(s)|2*(x, 1, 5, t)dsdz. (12)

Substituting and into , and using , we obtain

T2 1
(AU, U),, < — (k —/ |g(s)]ds) / ¥2dr < 0.
T1 0

Hence, the operator A is dissipative.

IN
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Step 2. Id — A is surjective.
To prove that the operator Id— A is surjective, that is, for any F' = (fi, ..., f7) € H,
there exists U = (u,v,¢,1,0,9,2)T € D(A) satisfying

(Id— AU = F, (13)

which is equivalent to

U_U:fla pv—:uuacx_bgbx:pf% ¢—¢:f3,

14
at — 80, + B, — k¥, — / g (8) ze(z, 1,8, t)ds = afs, (14)

T1
sz(x,p, s,t) + z,(x, p,s,t) = sfr.

We note that the last equation in with z(z,0,s,t) = J,(z,t), has a unique
p

solution 2(x,p, s, t) = 0 (x, t)e " + se_ps/ e fr(x, 6, 5)do. (15)
0
(91, [ and [14)s give
U:U—fl, wng_ffi) 19:6_115 (16)

Inserting into 2, 4 and 6, we get

where

hy = pfi+pfe, ho=Jfs+ Jfs+ 0[5,
hs = ozf5+af6+581f3—<k+/ g(s)e‘sds>8mf5

T1

T2 1
+/ g (s) se_s/ 0, f7 (x, 6, s) dods,

1 0

pr = 5—|—k+/ g (s)e ?ds.

T1

In order to solve , we consider the following variational formulation
B((u,,0)", (@, 6,6)") = L(@, 4,6)", (18)
where B:[H}(0,1)x H}(0,1) x H}(0,1)]* =R is the bilinear form given by

_ 1 1 1
B((1.6.0)", (0,6.0)") =p [ wtde o wtsda - (746) [ o6z
1 N 1 01 . ° 1 5 ’ 1 5 .

—|—5/¢x¢wdaz+a 00dx+ 11 Hwﬁmdx—l—b/((bﬂz+umq§)d:c—|—6/(9$¢+¢x9)dx,

0 0 0 0 0

and L:[H}(0,1)x H}(0,1)x H}(0,1)] — R is the linear form defined by
- 1 1 5 1 -
L@, $,0)T = / hitdx + / hoodz + / hsfdz.
0 0 0

Now, for V' = Hj(0,1) x H}(0,1) x H(0,1) equipped with the norm
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(@, O = Nlull® + 1611 + 1011 + llwwl* + lldall* + 1162117,

then, we have

1
T (w0, 6,07 =p | w2de+06 | ¢2d 02d
B((u,6,0)7 (u,6,0)7) = pl vt ¢x+a/' .

+ /92d$+ J+§/¢d:v—|—,u/ 2dx+26/gbuxdx

On the other hand, we can write

i+ 2bdu, + £7

2 2
u(urtvo) +e(o guc) + (n- Juz (=22
It 3 § Iz

since pé > b?, we deduce that

pul + 2bgu, + E¢* > % Ku—bg) uz + (é—b—2> cﬂ :
1

2

then, for some M, > 0,
B <(U, ¢7 9)T ’ (U, ¢7 9)T> Z MO || (U, ¢7 0) ”%/ :

Thus, B is coercive. On the other hand, we can easily show, using Cauchy-Schwarz
inequality, that B and L are continuous. Applying the Lax-Milgram Lemma, we de-
duce that for all (a, o, é)T €V, problem admits a unique solution (u,¢,0)T € V.
Applying the classical elliptic regularity, it follows from that

u€ H*(0,1), ¢ € H?0,1), 60+ (k +/ g(s)e—Sds) ¥ € H*(0,1).

Therefore, the operator Id — A is surjective. Consequently, the result of Theorem @
follows from the Lumer-Philips theorem. O]

4 Exponential stability

In this section, we prove the exponential decay result in Theorem @ It will be
achieved by using the energy method. To achieve our goal, we need the following
lemmas.

Lemma 4.1. Let (u,¢,0,z) be the solution of and assume (@ holds. Then the
enerqy functional, defined by (@ satisfies

B < - (k —/ |ds> / 02dr <0, V>0 (19)

Proof. Multiplying 1, 2 and 3 by us, ¢¢ and 6;, respectively, and integrating
over (0, 1), using integration by parts and the boundary conditions, we obtain
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1
§i / [puf + pul + £¢* + T} + 697 + ab] + 602 + 2bu, @] dx

dt
k:/ da:—i—/ Qt/ $)ze(x, 1, s, t)dsdz. (20)

Multiplying (44 by |g(s)|z, integrating the product over (0,1) x (0,1) x (71, 72), and
recall that z(z,0, s,t) = 04, (x, 1), yield

th/ / / slg (s)| z°(z, p, s, t)dsdpdzx
= / / 02 dsdx — —/ / 22(x,1, 5, t)dsd. (21)

A combination of (20| and (21)) gives

E'(t) = —k’/@ dx—l—/@t/ s) ze(x,1, 8, t)dsdx
//| ()02 dsdx— // 19(5)|2*(z, 1, 5, t)dsdz. (22)
0Jm

Meanwhile, using Young’s inequality, we have

/ Qt/ $)zp(x, 1, 8, t)dsdr=— /Qm/ 2(x, 1, s,t)dsdz
< 5 (/ lg(s )|ds>/ dr + — // s)|2%(w, 1,5, t)dsdx. (23)

Simple substitution of into (22) and using give , which concludes the
proof. O]

Remark 1. Note that E(t) is non-negative. In fact, by considering
i+ 2bgu, + €

2 2
(g o ()
% 3 3 Y

and using (9), we get pu? + 2bgu, + £¢? > 0. Consequently, it follows that E(t) > 0.

1
2

Next, in order to construct a Lyapunov functional equivalent to the energy, we will
prove several lemmas with the purpose of creating negative counterparts of the terms
that appear in the energy.

Lemma 4.2. Let (u, ¢, 0, z) be the solution of (3). Then the functional
1
Ly (t) = —p/ uudz,
0

satisfies the estimate

L(t) < — /01 d:p+32/ uldx +2M/gbdx (24)
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Proof. By differentiating L, (¢) with respect to ¢, then exploiting the first equation in
(4), and integrating by parts, we obtain

1 1 1
Li(t) = —p/ urdx + ,u/ uldr + b/ Uz pde.
0 0 0

Using Young’s and Poincaré inequalities, estimate is established. O]
Lemma 4.3. Let (u, 9,0, z) be the solution of . Then the functional

1 1
o
- H/ ¢tuxdx + _/ ¢xutdx>
P Jo J Jo
satisfies the estimate

b o[t p& [ b [ 13>
L) < -2 [ w24 —/ 24 —/ 2 /9 2%
H(t) < 207 bt T O<b > 0% T (25)

Proof. By differentiating Lo (t) with respect to ¢, then exploiting the first and the
second equations in , and integrating by parts, we obtain

b 1 1
Ly(t) = 2 uidm—ﬂ—g/ ¢uxda:+—/ P2dx

pJ
_Hh 6’muxd:v+ - == / Pratird. (26)
pJ
Using Young’s inequality, we obtain

pé ! b pé® / 2
——= Ldr < — 2d d 27
o ) puzdr < 17 /. uy x—l— o dx, (27)

pb ! o[ u52 / 2
—— [ Opuder < — Sdx 0 dux. 28
pJotux_élpJ v ) Tt (28)
Substituting and in and using , we get . O

Lemma 4.4. Let (u, 9,0, z) be the solution of (4 (l/ Then the functional

J/ (b(btdx——/ ut</ Sy dy>dx

satisfies, for any €1 > 0, the estimate

5 1 1 62
riy<e 2 a2, 2 2
L) < 2/0¢de o dx+(J+4€1M )/¢tdx+61/u dx + 25/9 dz,  (29)

where vy, = & —b*/pu > 0.

Proof. By differentiating Ls (t) with respect to ¢, then exploiting the first and the
second equations in , and integrating by parts, we obtain
Ly(t)

—J/Oibfdx + J/Oi/ﬁgbttdx—%b/olutt (/Oz(y)dy> dm—%b/olut </Oz¢t(y)dy) dx
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— /Otzsfdx_ 5 Ol¢idx (5——>/¢2d$+5/9t¢xd93— —/ut( o (y dy) . (30)

By using Young’s inequality, we have

B/ 9t¢xdw<—/ 02dx + - /¢2dx (31)

using Young’s and Cauchy Schwarz inequalities with e; > O We get

= (/ b (y dy) dm<51/ fdw—|—4€w / prd. (32)

Inserting and . in ., we obtain (29)). ]
Lemma 4.5. Let (u,¢,0,z) be the solution of . Then the functional

w=-a [ o[ owa)

satisfies, for any o > 0, the estimate

Li(t 5/¢tdx—|—52 P2dx+eq ¢2dx+—/0 da:—i—C’l(eg)/Q dx

0

1 T2 1 pmo
/9 d:c—l—eg/u ot |g(s)\ds/ 9(s)| 22w, 1, 5, 1) dsda, (33)
0

T1 T1

b202 5202 £202
here C .

where C1(&2) = J o+ T I P PR P

Proof. By differentiating L4(t) with respect to ¢, then exploiting the second and the

third equations in (4)), and integrating by parts, we obtain

ﬁ/(btdx—iré/G ¢tdx+k/9m¢tdw+/¢t/ )z(x, 1, s, t)dsdx
pa Olefdx—57a/09t¢wdx+7/00tudx+7/o 6, </O¢dy>dx. (34)

Using Young’s, Cauchy-Schwarz and Poincaré inequalities,

1 6 1 52 1
) / Oppdr < = / prdr + — / 02dx, (35)
0 5
k / Opphpdr < / Prdr + — / 02 dx, (36)
0 B
/gbt/ 2(x, 1, s,t)dsdr < ﬁ/(btdqu |g( )|ds
1 p7o "
<[ [lal2e s nasae @)
0Jm
(505 5202 1 1
- Gt%da: < 452J2/0 9t2dx+52/0 P2da, (38)
ba 1 Ra? ! L
7, Oudr < m/o Qtd$+52/0 uydx, (39)

IA

ga T 52&2 1 ) 1 )
J/o (/ ¢dy>dm —452J2/0 Qtdx+€2/0 o dx, (40)
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where €5 > 0. Estimate follows by substituting — into . O]
Lemma 4.6. Let (u, 9,0, z) be the solution of (l/ Then the functional

Ls(t) = / 00,z + / 02z + 3 / 6,0dz,

satisfies, for any €3 > 0, the estimate

2
Li(t) < g/ 02dx+(a—|—6—)/ 92d$+63/ ¢2dx

+2—5 |ds/ / s)|2%(x, 1, s,t)dsdx. (41)

Proof. By differentiating L5 (¢ ) Wlth respect to t, using the equation (4))s and integrating
by parts, we obtain

Li(t)= —5/92d:c+ a/é’de +ﬁ/¢$9tdx / / 2(x,1,8,t)dsdr.  (42)

Using Young’s and Cauchy—Schwarz inequalities with €3 > 0, we get

6/01 OO0, dr < ﬁQ /1 92d:c—|—53/ P2du, (43)

483

J 1
< 2 —
/ / z(x, 1, s,t)dsdr < 2/0 dx + %) |g( )|ds

// s)|2%(x, 1, s,t)dsdx. (44)

Substituting (43]) and . in . we get ({41] . O

Lemma 4.7. Let (u ®,0,z) be the solution of (l) Then the functional

/// se *P|g(s)|2% (z, p, 5,t) dsdpdz,

satisfies, for some positive constant ny, the following estimate

1
// (5)|2%(x, 1, 5, t)dsdac—i—k/ 07, dx
/ / / s|lg(s)|22(z, p, s, t)dsdpdz. (45)

Proof. By differentiating Lg(t) with respect to ¢, and using the equation (4])4, we obtain

Lg(t) = —2/ / / “Plg(s)|z(x, p, s,t)z,(x, p, 5, t)dsdpdx

d
= d_p/// 5P| g(s)|2*(z, p, s, t)dsdpdx
/ / / 5 1g(3)|2(, p, 5, t)dsdpda

— / / e S22 (x,1,8,1) — (:B,O,s,t)} dsdx

/// se %|g(s)|2*(x, p, s, t)dsdpdz.
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Using the fact that z(x,0,s,t) = 0, and e ® < e *" < 1, for all 0 < p < 1 we obtain

T 1
// (5)|2%(z, 1, 5, t)dsda:+/ ]g(s)|ds/ 07 dx
st 1 0
/// se 5| g(s)|2*(z, p, 5, t)dsdpdz.

Because —e™® is an increasing function, we have —e™® < —e ™, for all s € [, 7).
Finally, setting n; = e™™ and recalling , we obtain (45)). O

—S

Proof. (of Theorem @[} We define the Lyapunov functional L as follows

L(t) = NE(t) + La(t) + > _ NiLi(t), (46)

1=2

where N, No, N3, Ny, N5 and Ng are positive constants to be determined properly

By dlfferentlatmg and recalling ({19 . . . . . 45)) and using

of fo 0?dx < fo 02 dx, we arrive at

L'(t) <

—[p — &1 V5] /1 urdr — [§N4 — (J-i— e ) N:’l / ¢jdx
0
T2 2 2
- (k= [Clatoias) - “—ﬁbzvz %Ng (ciea+ ) M

52 pb o 3p '
— (a+ e, N5 — kNg ; Qfxdx - ﬁNQ — — 2Ny ; urdz

5 ) !
— _§N3 — ﬂ — J_pN2 — €2N4 — €3N5:| / Qbidl'
B 2 1
— gN — %N4:| / QQdZE— |:’)/1N3 — IU—NQ —52N4:| / ¢2dl‘
L 0
[ N. N:
_ _nlNG — (74 + 2—;) /T |ds] / / s)|2%(x, 1, s,t)dsdx
1 1 T2
s [ [ [ sla()le2 5. tdsdpd. (17)
0 0 T1

At this point, we need to choose our constants carefully. First, we take N5 = (45/5) Ny.
We set €1 = p/(2N3), then we choose N, large enough such that (Naub)/(2pJ)—3p/2 >
0. Next, we select N3 large so that (6N3)/2 — b?/(2u) — (0bNo)/(Jp) > 0, y1 N3 —
(u€2Ny) /(pJb) > 0. Now, we choose Ny large so that (8N,)/4— N3(J+p?b?)/(4e14?) >
0. After that, we select 2, €3 small enough so that (ubNs)/(2pJ) — 3u/2 — eo Ny > 0,
’leg - (M§2N2>(pjb) - €2N4 > 0, and ((5N3)/2 - 1)2/(2,u) - ((5bN2)/(Jp) - €2N4 -
e3N5 > 0. Furthermore, we can take Ng sufficiently large such that nyNg — (Ny/8 +
N5/(20)) f:f lg(s)|ds > 0. Finally, we choose N large enough such that ~ > 0, where
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7= N (k= [T lg(s)lds) — (48*No)/(pJb) = (B*N3)/(26) = (Ci(z2) + K2/ B)Ny — (o +
62/(4€3>)N5 — kN6
Thus, we obtain that there exists a positive constant 7, such that yields

L' (t) < —moE(t), Yt > 0. (48)

On the hand, it is not hard to see that L(t) ~ E(t), i.e. there exist two positive
constants $; and S5 such that

BE(t) < L(t) < BoE(t), Yt > 0. (49)

Combining and , we obtain that

L'(t) < —kyL(t), V>0, (50)
for the positive constant ki = 19/5>. A simple integration of over (0,t) gives

L(t) < L(0)e ™! vt >0. (51)
Finally, by combining and we obtain (9) with ko = 52E(0)/1, which com-
pletes the proof. O]
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