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1 Introduction and formulation of the main results

Let Q be a bounded domain in R¢ with sufficiently smooth boundary 9Q and
¥ = (0,T) x 9Q. In this paper, we will consider the following time-fractional inte-
grodifferential diffusion equation in QF := {(t,z): 0 <t < T, z € Q}:

(Ofu) (t,x) + Au(t, z) = /0 k(t — s)u(s,x)ds + f(t,x), (1.1)

with the Gerasimov-Caputo time fractional derivative 95 of order 0 < o < 1, defined
by (see [1]):

09 () = =y | (=Y @ yewt 0.7,

where I'(+) is the Gamma function and the operator A is a symmetric uniformly elliptic
operator defined on D(A) = H?(Q) N H}(Q) given by

d

Au(t,x) = — Z aii (Z aij(x)aixju(t,x)) +c(@)ult,x), (t,x) € QF,

=1

in which the coefficients satisfy

Qi5 = Qyj, 1< Za] < d) Qg € Cl(Q)’ C(l’) S C(Q)v C('I) > 07 r €]
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and there exists a constant p > 0 such that

d d
S ay(@)&g > nd l&6 forall ze€Q, €eRY
i,j=1 i=1

We supplement the equation (1.1) with the non-local initial condition
w(T,z) — fu(0,z) = p(z), z€Q, (1.2)

the boundary condition
u(t,z) =0, (t,z)€X]. (1.3)

The time-fractional integro-differential equation presents an important model to
simulate the effects of the "memory" on the system. The model is based partial differ-
ential equation, combining the fractional differentiation and integral term containing
the unknown kernel function that leads to a time-fractional integrodifferential equa-
tion. In general, the model’s nonlocal effects on the memory of history cannot be
described by partial differential equations. Therefore, more and more researchers have
studied the solution of integro-differential equations. Recently, because of the many
applications, fractional integro-differential equations are the focus of a large body of
results. The classical integer order derivative is a local operator, which is not adequate
for a description of many processes in physics, mechanics, industrial finance, etc. The
fractional derivative is a nonlocal operator, which is often used to model phenomena
in heat mass transfer, medicine, viscoelastic materials, porous media, mathematical
biology, and in particular the honeybee population, mathematical finance and eco-
nomics and atmosphere pollution, beam vibration (see [2]-[4] references therein). For
the integrodifferential equation with integer order o = 1, an efficient strategy based on
analytic semigroup theory was given to prove the existence and uniqueness of inverse
memory kernel problems [5]-[18§].

Furthermore, if § = 0, this problem is called the backward problem. The backward
problem when k(t) = 0 was extensively studied by many authors (see, e.g., [19]-[21]),
therefore we omit in that case. When 3 # 0, then the general form of this problem is
well-learned by [22] and we solved the considered problem inspired by these articles.
In practical situations, the function represents some physical property, which is very
hard to measure directly in advance. Therefore, we consider an inverse problem of
determining convolution memory function k from additional measurement on u with
for all-natural condition f.

The inverse problem in this paper is to reconstruct k() according to the additional
data

Llu(t,-)] = /Q¢(x)u(t,x)dx =h(t), tel0,T1] (1.4)

where ¢(z), h(t) are given functions. Here h(t) is the measurement data representing
the average temperature on a small part of €2 because the weight function ¢ is usually
chosen to satisfy supp(¢) CC Q in applications.

For the reader’s convenience, we present here the definitions from functional analysis
and fractional calculus theory.
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For integers m, we denote H™(Q2) = W™2(Q) (see [26]) and HJ*(2) is the closure
of C§°(Q2) in the norm of space H™(f2). For a given Banach space V on €, we use the
notation C([0,T]; V) to denote the following space:

C([0,T); V) := {u: ||u(t)|lvis continuous inton [0,T7]}.
We endow C([0,T]; V) with the following norm making it to be a Banach space:

Jullogom) = mas fu@lv-
The space
LP(0, T V)

consists of all strongly measurable functions u : (0,7') — V with

1/p

T
|w|| Lo o,ryv) = (/ ||U(t)|’€/dt> <00
0

for 1 < p < co. In addition, we define Banach space X! by
Xy ={u:ueC(0,T]; D(A"))and du € L'(0,T; L*(Q))},
where 0;u means a distributional sense. Furthermore, we set the topological product
Yi = XTI x LY0,T)
endowed with the norm

[ (w, B)llyr = llulleqorspany) + lwellror @) + 1kl 2o

In this article, we consider the following inverse problem:

Inverse problem. Find (u,k) € XI x L'(0,T) to satisfy (1.1)-(1.3) and the
additional measurement (1.4).

The nonlinear problems are more difficult at the same time, it is both interesting
and practical. Therefore more articles are focused on linear inverse problems, for exam-
ple finding the right-hand side or data functions (initial, boundary) are well learned by
many authors, especially [20]-[25]. However, as we said the nonlinear inverse problems
are not much considered. A nonlinear inverse problem for a fractional diffusion equa-
tion is considered in [27]-[I8], and they proved local existence, global uniqueness, and
stability. Except for these works, we study the problem of determining the memory
function from the integro-differential equation. Furthermore, we applied a new method
to solve nonlinear inverse problem which is introduced in [37]-[40].

It is well-known that the operator A has only real and simple eigenvalues \,,, and
with suitable numbering, we have 0 < Ay < Ay < -+ klggo A, = 00. By e,, we denote

the eigenfunction corresponding to \,, which satisfies ||e,||7, @ = (én,€,) =1, where

(-,-) denotes the inner product in Hilbert space L*(2) and \,, e, satisfy Ae, = A\nén,
en(z) =0, z € 99, {e,} C H*(Q) N H}(Q) is an orthonormal basis of L*(12).
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Now we define the fractional power operator A7 for v € R (e.g. [30]). Then for
v € R, we define a Hilbert space D(A?) by

D(AY) = {u € L*(Q): Z)\fﬂ(u, en)? < oo}, Alu = Z)\Z(u,en)en
n=1 n=1

with the norm

o 1/2
[ull pary = <Z A (u, €n)|2> :

n=1
We note that the norm |lu||par) is stronger than ||ul[z2) for v > 0. Since D(AY) C
L?(Q), identifying the dual (L*(€))" which itself, we have D(AY) C L?(Q) C (D(A"))".
We set D(A™7) = (D(A"))’, which consists of bounded linear functional on D(AY).
For w € D(A™7) and ¢ € D(AY), the value obtained by operating u to ¢ is denoted by
_(7),- D(A™7) is a Hilbert space with the norm:

2

lellpea—) = (ZA N (usen) | )

We further note that
_fup), = (u,p) ifwe L(2) and p € D(A")

(see e.g., [20], Chapter V in [31]).
Furthermore, we introduce the Mittag-Leffler function, as presented in [32]:

= , 2€C
—~ T(pk + p)

with Re(p) > 0 and o € C. It is known that £, ,(2) is an entire function in z € C. If the

parameter 4 = 1, then we have the classical Mittag-Leffler function: E,(z) = E,1(2).
In what follows we need the asymptotic estimate of the Mittag-Leffler function with

a sufficiently large negative argument. The well-known estimate has the form (see, e.g.,

132], p.136)

C
E, (-t <—
By 0] < 1o
This estimate essentially follows from the following asymptotic estimate (see, e.g., [32],
p.134)

t>0. (1.5)

t*l
E, (—t)= —— +0(t™?). 1.6
(1) = Frry O (16)
We will also use a coarser estimate with positive number A and 0 < e < 1:
Ctr1
t"'E,, — < COXTHL >0 1.7
| )< T o >0, (1.7)

which is easy to verify (see, [22]).
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Proposition 1.1. The Mittag-Leffler function of negative argument E,1(—x) is com-
pletely monotonic (c.m.) for all0 < a <1 and

0< Eyi(—x) < 1.

Proposition 1.2. (see [20]) For A > 0, a > 0 and positive integer m € N, we have

dm

dt_mEa,l(_)‘ta) = _/\taimEa,a—m+1(_>‘ta>> t>0

and

d
% (tEaQ(—)\ta)) - anl(—)\ta), 8?(Ea71(—)\ta)) — —)\Eml(—)\ta), t 2 0

Throughout this paper, we set 0 < € < 1 and v > 0 such that

max{e,%—l,%—l—e—l}, d>4,
Yo =Y >
max{a,%—i—g—l}, d=1,2,3.

We make the following assumptions:

(C1) p D(A”O) feXq:

(C2) h(T) = h(0) = Lg], L[Au](0) = L[f](0);

(C3) 0h € C*0,T] and 9*h(0) = 0 and satisfy the condition h(0) # 0;
(C4) ¢ € Hi(Q).

Remark 1. (C2) is the consistency condition for our problem (1.1)-(1.4), which guar-
antees that the inverse problem (1.1)-(1.4) is equivalent to (2.22) and (2.23) (see
Lemma 2.4).

Remark 2. In (C3) implies h € C'[0,T|, which will be used in Lemma 2.4 and
Lemma 2.5. Indeed, by 0h(t) = Dt_(l_a)h(t) and DDy "R () = W(t) (see [35],
(2.1.31)), we have

t
W(t) = DDy IR (1) = DO h(t) = — — / (t — $)* ' 0%h(s)ds
0
1 d

~ I(l+a) dt/ O h(s)d(t — )" = ﬁ/o (t—s)* " (OFh) (s)ds,  (1.10)

where DY is the Riemann-Liouville fractional derivative, defined by

DEh(t) = ﬁjt/ (t = 5)~h(s)ds

for 0 < a < 1. Clearly, fot(t —5)*lds < CO(a, T), due to —1 < o — 1 < 0. Therefore,
from 8%h € C'[0,T) and (1.10), we conclude that h € C'[0,T).
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Furthermore, the condition (C3) is not empty. Indeed, let h(t) = t¥ + C, where
v>a+1and C = const # 0. Then, we have

r'l+v)
MNl+v-—a)

V—o

o7 (1" + O)N(t) =

Remark 3. In engineering, ¢(z) can be thought of as an internal (tiny) sensor (see
[35], [34l]) measuring the mean temperature in the measurement area. Hence supp(o)
is always chosen small enough to make the measurement area very small. Therefore
hypothesis (C4) is reasonable.

Remark 4. Its well known, if y € WH1(0,T), then y absolutely continuous function.
Hence, the fractional derivative 0fy ezist almost everywhere on [0,T] (see, [3], p.
92). Furthermore, a continuous function y : [0,T] — R is absolutely continuous if and
only its distributional derivative is an L*(0,T) function (see, Theorem 1 in Section 4.9,
[36]). Therefore, the functional class of the solution to the problem (1.1)-(1.3) is well
defined.

Our main result is as follows:

Theorem. Under hypotheses (C1)-(C5), there exists a unique solution (u,k) € Y& of
the inverse problem (1.1)-(1.4) for any T > 0.

Note, that the (C5) condition is given below (see, p. 7).

The plan of the paper:

e Section 2 contains the preliminary lemmas that will be necessary to prove our
main result.

e In section 3 is devoted to proving the existence local in time of the inverse problem
(1.1)-(1.4) using the Banach principle and global uniqueness of our inverse problem.

e Finally, in Section 4, we prove our main result by fixed point argument, thanks
to the preliminary results of Sections 2 and 3.

2 Analysis of the backward problem and prior estimates

In this section, we will study the backward problem (1.1)-(1.3) for different values
of 8 # 0. For convenience, let F' = k% u + f. Then, we rewrite the backward problem
as follows

ovu(t,x) + Av(t,z) = F(t,z), (t,z) € QL
(T, x) — pu(0,z) = p(z), x €, (2.1)
v(t,z) =0, (t,z) € 2T,

Before we present and prove our results, let us dwell on the existing literature. As
we said, if 5 # 0, this problem is well learned in [22]. But, our main task is to study
the nonlinear inverse problem (1.1)-(1.4). Therefore, here we present some cases which
are given in [22].
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To solve the problem (2.1), we divide it into two auxiliary problems:

Opw(w,t) + Aw(z,t) = F(z,t), (2,1) € Qg,

w(x,0) =0, x € Q, (2.1a)
w(x,t) =0, (z,1) € X,
and
0wz, t) + Aw(z,t) =0, (x,t) € QF,
w(z,T) — pw(z,0) =Y(z), =€, (2.1b)
w(x, t) =0, (z,t) € 2.

Problem (2.1b) is a particular case of problem (2.1). If ¢ = ¢ — w(x,T) and w(z,t)
and w(x,t) are the corresponding solutions, then it is easy to verify that the function
v(t,z) = w(t,x) + w(t,z) is a solution the to problem (2.1). Therefore, it is enough to
solve the auxiliary problems.

Let us denote

Zs(t)a(x) = Y palT)(a,en) Eag(=Aat®)en(z), (2,1) € Qf

for a € L*(€2), where
1

Ea,l(_/\nTa) - ﬁ
Let us first get acquainted with the analysis of function (2.2) given in [22].

1% case: B = 0. Then, E, (=A%) # 0, but the Mittag-Leffler function can
asymptotically tend towards zero (see (1.6)). Therefore, in this case we have:

pn(T) = (2.2)

|pn| S Cg/\nTa.

27 case: 0 < B < 1. Then, in view of Proposition 1.1, there is a unique g > 0
such that E, 1(—=XT*) = B. If A\, # A for all n € N, then

the estimate is held with some constant Cjsz > 0. Therefore, if 5 ¢ (0,1) or 5 € (0,1),
but A, # A for all n € N, then the formal solution of problem (2.1b) has the form

w(t,z) = Zg(x), (t,x) € QF. (2.3)

3 case: 0 < B < 1land N\, = )\ for n = ng,ng + 1,...,n9 + po — 1 where py is the
multiplicity of the eigenvalue \,,. Then the non-local problem (2.1b) has a solution if
the boundary function ¢ (x) satisfies the following orthogonality conditions

V= ,e,) =0, nek, K={ngno+1,..,n0+po—1}. (2.4)

For all other n we have
o <Cs, K. (2.5)
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Thus, the formal solution to the problem (2.1b) in this case has the form

= pu(T) (1), ) Eaa(—A (@) + > wn(0)Eai(—AntYen(x).  (2.6)

n¢k nekl

Let H be a separable Hilbert space. By combining the above three cases the authors
[22] obtained the following result:

Lemma 2.1. Let ) € H.

(i) If B¢ (0,1) or B € (0,1), but A\, # Ao for all n € N, then problem (2.1b) has a
unique solution and this solution has the form (2.3);

(i) If B € (0,1) and X\, = Ao, n € K, then we assume that the orthogonality
conditions (2.4) are satisfied. The solution of problem (2.1b) has the form (2.6) with
arbitrary coefficients w,(0), n € K.

Now, we turn to study the problem (2.1a). First, we define a weak solution to
(2.1a).

Definition 1. We call u(t, z) a weak solution to (2.1a), if equation holds in L*(Q)) and
w(-,t) € D(Az2) for almost all t € (0,T) and w € C([0,T]; D(A™)),

lin [lw(Z, )| pa— =0

with some v > 0.

A form problem (2.1a) was also studied in [22], but in our case, the smoothness
increased even more.

Lemma 2.2. Let F € C([0,T]; D(A")). Then there exists a unique weak solution
w € C([0,T); L*(Q)) to (2.1a) such that 02w € C([0,T); L*(Q)). In particular, for any
satisfying ~v > f—f — 1, we have w € C([0,T]; D(A™7)),

tim [t )| pa) = 0.
and if d =1,2,3, then

i [Jw(Z, -)[| 12() = 0.

Moreover, there exists a constant ¢ > 0 such that

lwlleo.ripan) + 107wl cqoriz2@) < cllFlleqompany) T (2.7)

and we have

w(t,r) = /t AT 7 (t — s)F (s, x)ds, (t,r) € QF, (2.8)
0
using of

Z'(t)a(x) = M@, en)t* " Boa(—At®)en(z),

n=1

the space in (2.7).
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Proof
Let w,(t) = (w(-,t),e,), n > 1. Assume that problem (2.1a) has a unique solution w
given by

w(t,z) = wy(t)en(z),

where w,,, (n = 1,2,...) are solutions of Cauchy problems:

{32"%(?5) Ty (t) = Fu(t), 0<t<T, (2.9)

wy,(0) =0,
here F,,(t) = (F(t,-),e,) and A, are the eigenvalues corresponding to that eigenfunc-

tions e,. According to Theorem 5.15 in [35] (see p. 323), there exists a unique solution
to (2.9) and it is defined as

wy(t) = /0 (t = 8)* ' Epu(=Au(t — 8)*) F(s)ds.

Thus, we can formally obtain a formula (2.8).
Because of the Parseval equality and of the generalized Minkowski inequality, and
(1.7), we have

/0 (£ — 8) By a(—An(t — 5)) Fu(s)ds

[e%S)
lw(t, Wby = DAY
n=1

< 2 2ae 2
< C%a,e, M)t £?§HF(S)HD(A’Y)

2
¢ > 1/2
<c? [ [e=or= st (S mmr) s
0 n=1

for all ¢ € [0, T]. Due to the 0 < € < 1, then we have

lw(t, MDary < CIF G 0.0:p0am) > (2.9)

Furthermore, given the condition of Lemma 2.2, for F' € C([0,T]; D(A")) and as
(2.9), we have

[Aw(t, )72y < C*(as e, AN FlE0 11:00a7)- (2.10)

So, we combine the above result with Eq. (2.1a), we have 0%w(t,x) € C ([0, T]; L*(Q))
and

10Fw(t, 720y < CPIF1Eq0.9.00a0 12, > 0. (2.11)
Summing up (2.9) and (2.11) yields (2.7). Finally, we have to prove lim |w(t,)||pa—) =
0. This implies from Theorem 2.2 (i) in [20] and

ess supf = max f

for sense a continuous functions f on [a, b].

The uniqueness of the solution can be proved by the standard technique based on
the completeness of the set of eigenfunctions {e,} in L*(2) and so, in D(A?) too (by
the definition of D(A")). Lemma 2.2 is fully proven.

Further in this article, we consider (1.1)-(1.3) for the case when

B ¢[0,1], or pe€(0,1), but A\, # Ao, for all n € N. (Ch)
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Remark 5. The problem (2.1) has a solution even if 5 equals one. However, when
obtaining an equivalent problem to the inverse problem (1.1)-(1.4), it is necessary that
B is not equal to 1. That is why we consider B ¢ [0,1] (see Lemma 2.4).

Combining the functions (2.3) and (2.8), we get

o(t,z) = ; ( Eafz‘_;:‘;’:fy)ﬂ_ e (=Aat®) + wn(t)>en(x), (2.12)

where

wa(t) = /0 (t— 8 B (—An(t — 5)°)(F(s,), en)ds. (2.13)

The following lemma is the result of the regularity of the solution v of the problem
(2.1).

Lemma 2.3. Let ¢ € D(A™), F € XI. Then, the unique solution v € X[ to the
problem (2.1) is represented by (2.12), such that

[vllxr < C [(1 + 1) el paroy + TN Flleqo.ripiarn + TH[F(0, )| pear

+T[|0: F'|| L1 0,7:L2(2)) | » (2.14)
where C' depends on (8, a, A;.

Proof
According to Proposition 1.1 and (2.12), we have

2 _OO 2 Wn_wn<T) NE - 2 2
[t M = ZA e o ] ;mwnw
< AT IO G P4 Cp Y AT (T2 + ) A2 |w (1) (2.15)
n=1 n=1 n=1

due to v < 79. By (2.9), the third term of the last sum is estimated as follows:

o0

D Awn(OF < C*a, e, A)ECNF I o.000a)- (2.16)

n=1

Combining the (2.15) and (2.16), we have
lv(t, Dy < C*B )l Dar

+C%(a,e, )\1)T2a6||F||2C([0,T];D(m)) +C%ae, Al)t2a€||FH%’([O,1£];D(A’Y))7 t €[0,T7.

On the other hand, using Proposition 1.1, we have

d

—E, 1 (=XM% = = MY LE, (=AY
- Boa(—M°) (=A%)
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from which it follows that

- ¥n — Wn T a— o
vt z) = — Z/\nEa 1(_AnTi) )_ 5t YBo (= Ant®)en ()

+ i ta_lEa,a(—)\nta)Fn(O)en<x)

n=1

+Z( [ =9 Bl = L) ) el

= 11 -+ 12 + 13 + 14. (217)
For Iy, by (1.7) and (C5), we have

2

t 1 By o (= At en ()

T2, )22y < S

< C§t2aa—2 Zkfﬂ%ﬁg < C,g’tQ(m_QH(PH%(AE)'

n=1

So, by D(A) C D(A®) for € < 79, we have
I1(t, M2 @) < CsAT =t ol pearo),

or
C — (6%
1Ll 0.rz2(0)) < Q—EMW“T “llellparo)- (2.18)

Now we estimate I5. Again using Proposition 1.1 and estimate (1.7), we obtain

wa(T) i

a—1 a
T = /Bt Eo o=t e, (2)

(¢, ) Z2() <

o) 2

<Gy

n=1

T
)\nta_lEa,a(_)\nta) / (T - S)a_lEoz7a(_>‘n<T - s)a)Fn(S)dS
0

2
S Cgt2asf2

[ (ij (B ) (1 = sy

So, in view of 26 — 1 <& < v for 0 < £ < 1, yields A\;7+2=1 < X771 "and we have

Lo (t, )| z2() < C(B, @, ) AT F | oo, 0am)

or
1Ll zro.rz200)) < C(B, a8, M) T2 || Flle(o.13;p47)- (2.19)

Besides, for I3, we have

Mot )2y < S0 B Aat™) Eu(0)en (@)]” < €222 37 A21| B, (0) P2, 2122

n=1 n=1
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< 02/\1—27+25—2t2a6—2”F(0, .)||%(m),

So, we get
Cr)\—'y—l-a—l

sl 1 0,m522(0)) < la—gTaEHF(O, )N peamy.- (2.20)

Similarly, by (2.17) and Young inequality for the convolution, we have the following
estimate for I:

«Q — QL
||I4||L1(O,T;L2(Q)) S (/Eg ) )\i 1CT €||atFHL1(07T;L2(Q)). (221)
This completes the proof of this lemma.
To study the main problem (1.1)-(1.4), we consider the following auxiliary inverse

non-local initial and boundary value problem.

Lemma 2.4. Let (C1)-(C5) be held. Then the problem of finding a solution of (1.1)-
(1.4) is equivalent to the problem of determining the functions u(t,x) € X and I(t) €
ACI0,T) satisfying

(0fu) (t, z) + Ault, x) fo (t — s)u(s,z)ds + f(t,z), (t,x) € QF,
w(T,x) — Pu(0,z) = p(z), x€ (2.22)
u(t,r) =0, (t,z)e X7

and

szﬁ%y%Mm@@L 0<t<T (2.23)

where Dy := (d/dt), N is defined by (2.25) below and

On the other hand, if (2.22)-(2.23) has a solution and the technical condition (C1)-(C5)
holds, then there exists a solution to the inverse problem (1.1)-(1.4).

Remark 6. From Lemma 2.4, we know that (2.22)-(2.23) is an equivalent form of the
original inverse problem (1.1)-(1.4). So, in the next sections, we discuss (2.22)-(2.23),
other than the original one.

Proof
The solution (u(t,z),k(t)) € YL of our inverse problem (1.1)-(1.4) is also a solution
to the problem (2.22) in Yj'. Because the problem (2.22) is the same as (1.1)-(1.3),
therefore, we should show only (2.23). Let the two {u(¢, x), k(¢)} functions be a solution
of problem (1.1)-(1.4). Taking into account Remark 1.2, and applying £ to both sides
of (1.1) yields

wmﬂ+qmmozlk@—ﬂmﬂm+ﬁm@. (2.24)
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We note that [(t) = fot k(t)dr. Then by integration by parts, we get the following
equality:

t ¢
/ k(T)h(t — 7)dT = h(0)I(t) +/ [(t — 7)h (T)dT. (2.25)
0 0
With the help of (2.25), we can rewrite (2.24) as

9°h(t) + L[Au](t) = R(0)I(t) + /0 t It — 7V (r)dr + LLF](D). (2.26)

Due to (C3), we can solve this equation by [(¢) and we have

R(0)I(t) = OFh(t) + L]Au](t) — /0 Lt —7)W(7)dr — L[f](t)

= Nlu,l]. (2.27)

Furthermore, by differentiating (2.27) concerning ¢, we get (2.23).

Now we assume that (u, k) satisfies (2.22)-(2.23). In order to prove that {u,k} is
the solution to the inverse problem (1.1)-(1.4), it suffices to show that {u, k} satisfies
(1.4).

Applying L to the Eq. in (2.22), we have

00 L[] (t) + L[ Au](t) = /0 k(t — )Llul(s)ds + L[f](2). (2.28)

On the other hand, from (C2), we easily see that
Nu,1](0) = 0.
We get (2.27) by integrating (2.23) over [0,¢]. From (2.27), we conclude that

0 = —h(0)I(t) + 8h(t) + L[Au](t) — /Ot It — )l (s)ds — LLf](t)

— 0P h(t) + L[AU)(0) —/0 k(t — $)h(s)ds — LLFI(#)

LIf)(t) = 0%h(t) + L[Au](t) — /0 t k(t — s)h(s)ds. (2.29)

Then substituting (2.29) into (2.28), and using (C3), we have that P(t) := Llu|(t)—h(t)
satisfy

P(T) — BP(0) = 0. (2:30)
Let k : (0,7) — R is integrable and condition (C5) (see Remark 5) be satisfied. Then,
the boundary value problem for differential equation (2.30) with fractional order has a
unique solution on [0, 7], certainly in C1[0,T] (see, [41]). Therefore, it is easy to see
that the solution to the problem (2.30) is only trivial, that is, P(¢) = 0 for all ¢ € [0, 7],
which implies L[u](t) — h(t) =0, 0 <t < T, i.e., the condition (1.4) is satisfied. This
completes the proof of Lemma 2.4.

{@C‘P(t) — [V k(t — s)P(s)ds, t>0,
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Example 1. Let 3 = 2. Consider the casen = 1 and QF = (0,1
and A := —92. We fix the initial condition p, source term f(
data ¢(x), h(t) for any x € (0,1) and t > 0 as the following:

)x (0, T) with T = /2,
t

,x) and measurement

) = matt e+ 2 (7214 ) = £ = ZEEee ) sin(ra),

=2 sm(mv)

Then, the ezact solution is u(t,r) = 2(1 + t*)sin(rz) and k(t) = t*~'. Note, that the
all given data satisfy conditions (C1)-(C5).

At the end of this section, we give a technical lemma that will be used to estimate
k in suitable Sobolev space in the next section.

Lemma 2.5. Let (C1), (C3) and (C4) hold. Then for allu € X! and all k € L*(0,T),
there exists a constant C' > 0 depending on h, ¢ and f, but independent of T', such

that
IDN [, 1] L0,y < C (T + el zro.miz20) + TRl 21 0,1)) (2.31)

where N is the same as that in (2.26).

Proof
By integration by parts, it follows from (C4) that

L{A[u]} /gb Alw(t, x)dx = / Alpu(t, x)dx, (2.32)

which gives

dt

VALl } ooy = /

T 1/2 1/2
</ </ |A[¢1|2dx) (/ |ut|2dx) at < ol meludore,  (233)
0 Q Q

where we have used the Holder’s inequality.
Therefore, from (2.27) and the Young inequality for the convolution, we have

/ Alpluy(t, z)dx
Q

DN [w, Ul 202y < MOFR) o) + 1L ALual Hl L2 0.7)

|k B Loy + LD Loy < 1OFR) oo,y + 101 a2 el o2 @)

+ TRl Lrom) [P e + N0l @l fell 20,22 (@) (2.34)

From the last summation, we obtain the desired estimate (2.31). This completes
the proof of Lemma 2.5.
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3 Well-posedness of inverse problem

We can now prove the existence of a solution to our inverse problem, i.e. Theorem
1.1, which proceeds by a fixed point argument. First, we define the function set

B,r = {(u,k) € Y a(T,x) — pu(0,2) = p(x), a(t,z) =0, (t,z) € X7,

lallxz + &l o) < P}

Here p is a large constant depending on the initial data ¢, measurement data h, and
number . B
For given (u, k) € B, r, we consider

Ocu(t,x) + Au(t,z) = F(t,z), (t,x) € QF,

w(T, ) — Bu(0,z) = ¢(x), z € Q, (3.1)
u(t,z) =0, (t,z) e X,
where t
F(t, ) :/o k(t — s)u(s,x)ds + f(t,z),
and . )
k(t) = Wpt/\/[u, (t) (3.2)

to generate (u, k), where [(t) = fot k(7)dr, N is the same as those in (2.27).

Remark 7. As [[0], usually, we use @ on the right-hand side of (3.2) to generate k.
But, if we do so, we can not choose suitable T and R to prove ||k < R, because
there is a lack of T in the terms including u, in (2.31). In this situation, the fized
point argument can not be applied to our problem. So we take the solution v to (4.1)
to generate k. This process in principle is similar to the Gauss-Siedel iteration (see

[57/-139]).
Further, we have
|k * |l eo,r:peany) < ”lz’HLl(O,T)HﬂHC([O,T};D(AV))a (3.3)

which implies )
1%+ @lloqorypean) < Clp)
Using this result together with f € C([0,T]; D(A")), we have

/0 k(t — s)u(s,z)ds + f(x,t) € C([0,T]; D(A")).

Hence, Lemma 2.3 ensures that there exists a unique solution v € X! to (3.1). Then
(3.2) defines the function k(t) in terms of w. Furthermore, by Lemma 2.5, we have

||k||L1(O,T) S C (T —I— ||ut||L1(O,T;L2(Q)) —I— THEHLl(O,T)) . (34)



122 Rahmonov A.A.

This implies that k£ € L'(0,T).
Thus the mapping B
S:B,r =Yy, (u,k)— (u,k)

given by (3.1) and (3.2) is well-defined.
The next lemma shows that S maps B, r into itself for sufficiently small 7" > 0.
More precisely we have the following result:

Lemma 3.1. Let (C1)-(C5) be hold. For (u, k), (U,K) € B,r, define
(u, k) = S(u, k), (UK)=S8U,K).
Then for properly small 7 > 0, we have
1, B)llyr < p

and

1
(= Uk = Kl < 218~ 0K~ Kz (35)
for all T € (0, 7].

Throughout, we use C' to denote a constant that depends on €2, «, 3, the initial data
©, the known functions f, ¢ and measurement data h, but independent of p and T
Proof
First we prove that the operator S(B,r) C B,r for sufficiently small 7" and suitable
larger p. To simplify the calculations, we restrict 7' € (0, 1]. From Lemma 2.3, (3.3),
we have

lullxy < C [(1 + 1) lellpear) + T (Ik * dllcqoipan) + I1f leqripan)

T £(0, ) | peany+ T [l 12 om) 120, ')HL?(Q)WLTQE||/z?*ﬁtHLl(O,T;LQ(Q))JFT%HftHLl(O,T;LQ(Q))}
< C((l + 1)l ellpeao) + T (p* + | fleqomineary)
+T%| flleqoryparny + A TNkl Lo, lallcorypiary + 22T + TaEHftHLl(O,T;LZ(Q)))
< C<1 +Tes pQTaf). (3.6)
On the other hand, by (3.4), we have
Ikl 0m) < C (T + Jwll sz + TRl om) < € (T + llullxg +Tp)
§C<1+T+Tp+Ta€+Ta€p). (3.7)
Then, adding up (3.6) and (3.7) leads to

[(w, B)[lyr < Cn(T' p) + C, (3.8)
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where the function w;(T") is of the form
wi(T) =T +Tp+ T +Tp?

and therefore satisfies Tlinjlro w1 (T, p) = 0. Now we take p, such that p = 2C with the
%
constant C' in (3.8). Then there exists 71 > 0 such that

(s B) by < p (3.9)

for all T € (0,7]. That is, S maps B, r into itself for each fixed 7" € (0, min{1, 7 }].
Next, we check the second condition of contractive mapping S. Let (u, k) = S(u, k)
and (U, K) = S(U, K). Then we obtain that (v — U, k — K) satisfies that

O (u—"U)(t,x)+ Au—-Ul(t,z)=(k—K)xu+ (u—U) «K, (t,z)e€Qf,
(u—U)T,z)— Pu—U)0,z) =0, z€Q
(u—=U)(t,z) =0, (t,r)€XT

(3.10)

and
k—K:ﬁ(DtN[u,l_]—DtN[U,L]), 0<t<T, (3.11)

where L(t) = [} K(7)dr.
Again by Lemma 2.3, (3.3) and the Young inequality for the convolution, we get

lu=Ullxg < €T (||(k = &) * @llcqooan + 1@ = 0) = Kllcqomoun )
+TN (R () — K (£)u(0, )| 2 om0y + TNk = K) * el 110,702 ()
+T°||(a(0, z) — U(0,2)) K ()| 0,120y + TN (@ — U)y % K| 11 0,1502(52))
<071 (PH’E’ — K120 + pllu — UHC([O,T];D(m))) + Tk — K|l 120,y 170, )]l 120
+Tpllk — K| 100y + AT pl|a(0,2) — U(0, 2) || peary + Tpll(@ — U)ell 2073220
< CT%P(H% — Kl o) + lu — U”C([O,T];D(/ﬁ))) + (1 + XTIk = Kl 2o
A T*plla = Ulleqosripeany + Tpll(@ = U)ellr o720
< 1 (Ilk = Koo + Il = Ullxg ). (3.12)

Moreover, from (2.27) and (C5), we can easily see that

DNTu,1] — DNTU, L] = /Q o) (Alug] — A[U)) (¢, )do — (k — K) = '

_ / Alg)(u— )t 2)da — (F— K) % 1. (3.13)
Q
The same as (2.33), it follows that

IDN [, 1] = DINTU, Ll| 20,7y < ll8llz2e | (w = U)ellprorizeco
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+T |k = Kl om0 llcpa < C (1w = Uil orizz@y) + Tllk = Kllom) - (3.14)
Then, from (3.11), together with (3.14), we drive
Ik = Kllpor) < C (Ilu=Ullxg + TlE = Ko ) (3.15)
From (3.12) and (3.15)

[(w = Uk = K)lyg < C(T +pT) Ik = Klpro1) + CoT* i — Ul xg

SC’(T—FpT“E)H(ﬂ—U,/;:—K’)HYOT. (3.16)
Therefore we can choose sufficiently small 75 such that
CT + pT < %
then, for all T' € (0, 73] we have
II(u—Uak—K)HYOTS%\I(E—U,%—K)IIYOT- (3.17)

Estimates (3.9) and (3.17) show that S is a contraction map on B, r for all T € (0, 7],
if we choose 7 < min{1, 7, 7}. So, the proof is complete.
To prove the main result, we should prove the following assertion.

Lemma 3.2. Under conditions (C1)-(C5), for given measurement data h(t) in (1.4),
if the inverse problem (1.1)-(1.4) has two solutions (u;, k;) € Y (i = 1,2) for any time
T >0, then (uy, k) = (ug, ko) in QF, where QL = Q x [0,T].

According to the Remark 2.2, we know that (2.22)-(2.23) is equivalent to (1.1)-(1.4).
So, in Lemma 4.2 we discuss the global uniqueness of the inverse problem (2.22)-(2.23).
Proof
Given any time T, let (u;, k;) (i = 1,2) be two solutions to the inverse problem (2.22)-
(2.23) in [0, T] with the regularity (u;, k;) € Y[ . This implies

[Cus, B)llyy < €7, i = 1,2, (3.18)

where C* is depending on «, T, initial data ¢ and v, the known function f and mea-
surement data h.
Let

ﬁ:ul—UQ, ];’:kl—kg.

Then (i, k) satisfies

O+ Al = ky x U+ kxuy, (t,z) € QF,
(T, x) — pu(0,z) =0, x €€, (3.19)
a(t,x) =0, (t,z) € ©T,

and

1

= (craa) - 1«x), (3.20)
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where I(t) = (I; — I5)(t) and the functions I; (i = 1,2) satisfy ( fo s)ds. We
have to show )
(@, k)|lyr = 0. (3.21)
Define
o = inf {t € (0,7): |[(t, })llys > o}. (3.22)

It suffices to prove that o = T. If (3.22) is not true, then it is obvious that o is
well-defined and satisfies 0 < T". Choose € such that 0 <e < T — 0.
Further, by (2.12), for (¢,z) € Q71 we can write the solution  as

ﬂ(x,t):/o (t—s)* (ZEM Wt — 5)° )(F(s,-),en)en(:p)) ds

—A<T—¢H(Zﬁiﬁﬁ}iiﬂman@—ﬁ%@@m%mmﬁda

(3.23)

where ) 3

F(t,z) = ki xu+ k * us.

Then similar to the proofs of Lemma 2.3, we have

]| yg+e < Ce™ (||F|IC([U,U+4;D(m)) + ||3tF||L1(a,a+e;L2m))> : (3.24)
and 5 .
IDNT Dl o0 < C(lulln otz + lbleoso ). (3:25)
From the definition of o, we see that

i=k=0 in [0,0]. (3.26)

By the definition of F, and using (2.5), and (2.27), we have
[l xg+e < Cé“(Hk’l # 0l oo+ + Ik * walleqooraipian

I ()30, 2101 sty + N * il o snon) + [FE(0, 2) 101ty
+|k * U2t|\L1(o,o+e;L2(ﬂ>>> < Ce™ (C*Ilﬂ!\c<[o,o+el;fa<m>> + C* |kl L2 (0,00
+)\;70*|’a’|0 ([o,0+€);D(AT)) "’ C*Hat“Ll(g,a+e;L2(Q))

+C |kl 00 + CAY ||/f||L1(oa+e> < OC" e (@, k)lyg+. (3.27)
On the other hand, by (3.20) and (3.25), we have
Fll o < Ol g + €l Flls o) (3.25)
Hence, by (3.27) and (3.28) we obtain
1 B)lygee < O e+ €)@ B)llygoe (3.20)
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implying .
(@, k) [ly,z+e =0 (3.30)

for some sufficiently small positive constant €y. This means that (uy — ug, k1 — ko)
vanishes in [0, 0 + €|, which contradicts with the definition of o. Therefore (3.21) is
proved. From here, we can conclude that

(ur, k1) = (ug, ko) in [0,

for any time T'. The proof for Lemma 3.2 is complete.

4 Proof of the main result

Now we prove the global solubility Theorem for our inverse problem. More precisely,
for every given time T > 0, we will prove the existence of solutions to the problem
constituted by (2.22), (2.23), an equivalent form of our inverse problem.

To prove main result, we first show that the local solution can be extended to a
larger time interval.

Lemma 3.1 ensures that there exists a unique solution (i, k) € Y7 to (2.22)-(2.23)
for sufficiently small 7 > 0. Now we show that the unique solution (, ];‘) in [0, 7] can
be extended to a larger time interval [, 27].

Proof
Rewrite the system of (2.22)-(2.23) as follows:

(Ofu(t, x) + Aul(t,z) = [ k(s)a(t — s, z)ds

+ f: k(s)u(t — s, z)ds + f(t,x), (t,z) € QF,

(4.1)
w(T,x) — Pu(r,z) = (T, z) — pu(r, x), x € €,
(u(t,z) =0, (t,z) € BT,
and )
k(t) = 70) DN Tu,l](t), te€[r,T], (4.2)
where

Nu, 1)(t) = 0°h(t) + L[ Au](t) - /0 it — )W (s)ds— / I(t— )l (s)ds — LLf](t), (4.3)

and [(t) = fot k(s)ds.
It is enough to show that (4.1)-(4.2) has a solution (u(t, ), k(t)) € YX. Then (u, k)

defined by
| (ak), telo,T],
w’“‘{mk), te [r,2r), (4.4)

is an extension of (@, k) in [r, T], which has the regularity (u,k) € Y. Furthermore,
from the global uniqueness result in Lemma 3.2, it follows that (u, k) given by (4.4)
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is the unique solution to the problem constituted by (2.22)-(2.23) in ¢ € [0,7]. This
shows that the extension is unique.

We repeat a similar fixed-pointed argument to prove the existence of (u, k). Define
an operator

S:Br— Y, (u, k) — (u, k) (4.5)
with (@, k) € By, where

Bﬁ’T = {(ﬂ, k)yeY!r: a(T,r) — pu(r,x) = w(x,T) — pu(r,z), € Q

a(t,z) =0, (t,x) € X7, J|allxr + |kllper < 7).

Here wu is the unique solution of the initial and boundary value problem (4.1). Further-
more, k is the solution of (4.2) in terms of u. Additionally, we have u(7,-) € D(A™).
In fact, 4(7,x) can be written as follows:

ZE m - ﬁEa,l(—AnTa)en(x)

n=1 al

nZlE )\Ta 5/ = 5)"  Boa(=A(T = 5)")(F(s,), €n)ds - €n(2)

—f-z_; /OT(T — S)a_lEa,a(—)\n(T — 8)*)(F(s,-), en)ds - en(x), (4.6)

with F(t,z) = kx i+ f € C([0,7]; D(A")) such that | Flleqo,:p0avy) < Clp, f). Then,
again using Proposition 1.1, (1.7), and (C5), we get

2

Pn
-Eh __An “
nTa)'_'B J( ! )

(7, ) any < ZX”O

2

+ Z N |

/\Ta 3 / = )% B (=T — 8)°)(F(s, ), e0)ds

+ A?O

< CEY A0fenl® +C5 Y N0

n=1 n=1

+Z/\270 max |(F(s,-),en)|?

0<s<t

2

/OT(T — 8) By o= AT — 8))(F(s,),en)ds

2

/0 (T = 8)" B (= AT — 8))(F(s,-), ex)ds

2

/OT(T - s)o‘_lEma(—)\n(T —5)Y)ds

T
/ /\fL_lsag_lds
0
T 2
/ )\fL_ls%_lds
0

o] 2

< Cillelbian ‘1“052)\270 max |(F(s, ), en)|”

0<s<T

n=1

+Z>\VO max |(F(s,-),en)|?

0<s<rt
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2 2 20 2 2y —2(y—y0—e+1)
< Gl + ot T 2)(@g 5 den) P
2046 2y 2y —2(y—y0—e+1)
E An oax [(F(s, ), en)["A, : (4.7)

By v > 7+ ¢ — 1, we have 27—270+25—2>0. Thus,
Ha<7—7 ')HD(AWO) < Cl”SOHD(Awo)-i—

+Ch (T“EIIF loo.rpean) + 7| F ||c<[o,ﬂ;D<Av>>) : (4.8)

hereinafter C; are constants depending on «, 3, ¢, A1,y and given functions, but inde-
pendent of T'. Further, similarly as (2.15) for ¢ € [, T, we have

lullcqrrspiany < Cs(lla(T, )| vy + BI|a(T, )| pearo))
+O4(T — 1) F\lo(prm1:p0av)) + CsT|| Fllco,ry:p(47)), (4.9)

where

T t
F(t,x) = / k(s)a(t — s, )ds + / E(s)u(t — s, x)ds + f(t,x). (4.10)
0 T
As above, we get
luell o riz2c)y < Co(T = ) (1a(T, )| pearo) + 1BII1a(T, ) [ pea))

+Cr(T — )| Flleqoripiany) + Co(T — )| F (7. )l pear
+C5<T - T)aE||atFHL1(7—,T;L2(Q))' (411)
Note that 7 <t < T. Then by (4.10), we have

/OT k(s)a(t — s, x)ds + / k(s)a(t — s, x)ds + f(t,z)

C([mT)D(AM)

< kL2 o, @l eqompany + N6 @l egrrspany + 1 leqramparny)-  (412)

Differentiating (4.10) concerning ¢, we have

T t
O F(t,x) = / k(s)ty(t — s, 2)ds + k(t)u(r, z) +/ k(s)iug(t — s, 2)ds + 0, f (t, z).
0 T
As (4.12), we have
10:F || 12 (rorz2c) < Nkl o el 2 0.m:22 ) + Nkl a8, )l 220

HIEl oy el iz @) + 10 120 (roiecey)- (4.13)
So, given (4.9) and (4.11) taking into account (4.12), and (4.13), we have

lullxr < Ca(llatr, ) lowm + BIIT. o)
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O =7 (14 i, Yy + BT oo ) + CaT™. (4.14)
On the other hand, by (4.2), we have
||k||L1(T,T) S Cn(T — 7') —f- ﬁT + Olg(T — 7') + Cl3||ut||L1(7,T)' (415)

Hence, by (4.14) and (4.15), we have
18 Bz < Cua (Jir. Mot + 81T, Vo) + i
+015Ta6 + ﬁT + C(h) (T - T)

+Cig(T = 7)) (1 + a7, Yl paomy + BT, pea) ). (4.16)

and by similar calculations to (3.17), we have
18 (g, ) — S (tiz, o) |yr < Chs [Taf+T_¢+(T—¢)ﬂ (@i — tiz, by — o) |y (4.17)
We fix p such that p > p and
Cua(lla(r, Loy +BIE(T Yl pay ) +Cnr < &,

It is easy to see that if we choose p larger, then we could get large T — 7 to satisfy

C6T + pT + C1o(T — 1)

. (4.18)

DO | ™

+C16(T = 7)) (1+ i, Yl + BIG(T, by <

Furthermore noticing that (4.18) and (3.16) have the same structure, we can choose
T — 1 = 7 to satisfy (4.18), which yields ||S(u,k)|yr < p, i.e. S(Bsr) C Bsr.
Additionally,

. L 1 I
|S (@, k1) — S(tg, ka2)|lyr < 5“(@1 — Ty, k1 — ko)llyr (4.19)

for T' = 27, because (4.17) is the same as (3.16), if we replace T" in (3.20) by T — 7.
Hence we prove that S is a contraction operator on Bﬁ,T for T' = 27.

Repeating the extension process limited times, we could obtain a solution (u, k) €
XTI x LY(0,T) of the inverse problem (2.22) and (2.23) for any 7. Lemma 3.5 shows
that the inverse problem (2.22) and (2.23) is equivalent to our inverse problem. Con-

sequently, the inverse problem (1.1)-(1.4) also admits a unique solution (u, k) in the
space X x L'(0,T) for any T.

Conclusions

In this paper, we proved a global uniqueness and the existence of the weak solution to
a nonlocal initial and boundary value problem for a time-fractional integro-differential
diffusion equation. Firstly, the backward problem was studied and given an auxiliary
inverse problem to the original one. In Lemma 2.5, we ensured that the fixed point
method to solve our inverse problem can’t work. Therefore, the well-posedness of the
inverse problem was shown by using the iteration method. Consequently, we showed
the global solubility theorem.
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