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Abstract A variational inequality describing an elastic body with a finite set of rigid inclu-
sions is considered. The Signorini condition is imposed on a part of the boundary of the body.
On the other part a homogeneous Dirichlet boundary condition is specified. The inclusions
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1 Introduction

Optimal control and inverse problems describing inhomogeneous bodies have been at-
tracting the close attention of specialists. Since, on the one hand, the improvement of
performance properties of composites is a crucial direction of technological progress.
On the other hand, a lot of practical problems for composites imply studies in which it
is necessary to identify information about internal components based on external mea-
surements. Below we overview some mathematical results on parameter identification
and its applications from the literature.

We cite the classical theory of inverse problems and its applications in mathematical
physics [1, 2|. Inverse problems for the nondestructive testing of inclusions embedded in
Kirchhoff-Love plates were investigated in [3, 4, 5|. A shape and topological sensitivity
analysis was performed, as well as relevant numerical results were provided in [6] for an
inverse problem of detection of the position of a hole in a domain. Shape optimization
of rigid inclusions for elastic bodies with cracks were investigated, for example, in
[7, 8]. In [9] a variational inequality was controlled by the position and size of an
inhomogeneity posed in a one dimensional domain with moving boundary.

In [10, 11, 12] authors investigated the problem of determining the internal structure
of an inhomogeneous body on the basis of boundary measurements. Geometric position
of a deformable inclusion in frictionless unilateral contact with the matrix was identified
on the basis of measurements surveyed at some sensor points on the external boundary
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in [13|. Based on optimization methods, a theoretical framework for identifying voids
and inclusions was established in [14, 15, 16, 17|, for cracks in [18, 19], and other
works. The papers |20, 21| present solution of the inverse dynamic seismic problem in
the frequency domain for a horizontally layered medium by determining parameters of
an anisotropic layer (thin-layered pack). In the framework of variational inequalities
with unilateral constraints of the Signorini type, see problems of optimal control by
volume or boundary forces in [22, 23|, and suitable numerical methods in [24]. Different
optimality systems for strong stationarity in the case of optimal control of constrained
problems can be found in [25, 26, 27|. We cite problems describing rigid and elastic
inclusions in |28, 29, 30| as well as imperfect interfaces in [31, 32| which are of the great
interest in the description of composite materials.

In the present paper, we study an obstacle problem for an elastic body with a finite
set of bulk rigid inclusions of a prescribed number. The inclusions are mutually sep-
arated between themselves and from the boundary of the body by a strictly positive
distance that is fixed a-priori. Our motivation stems from modeling of micro-defects
and damage mechanisms, fibre-reinforced composites, and peridynamic models in solid
mechanics, see the respective collection of works [33]. This geometric description is
useful for further application of periodic as well as non-periodic homogenization tech-
niques when the size of inclusions decreases. We refer, for example, to [34] for the
mathematical modeling of discontinuous fields in a two-phase medium.

Assuming that displacements are measured on an observation part of external
boundary of the body, we formulate the inverse problem of identification of positions
of inclusions. For each inclusion with a prescribed shape, it is necessary to determine
the location, which is characterized by the vector of parallel translation and angles of
rotation relative to the reference coordinate axes. The novelty of the class of forward
problems under consideration consists in two generalizations compared to the previous
investigations [35, 36]. First, angles of rotations of inclusions are taken into account.
The second generalization deals with the assumption that functions of external forces
itself depend on locations of inclusions. Continuous dependence of the solution of the
forward problem have been proved with respect to the inclusion parameters varying in
a suitable compact set. Based on this result we establish existence of a solution for the
inverse identification problem.

2 Family of separated inclusions in a 3D domain

Let Q C R3 be a bounded domain with the boundary I' € C%!, where I' = Iy UT'; UT,,
NIy =0fori,j =0,1,2, i # j, and meas(I'y) > 0, meas(I';) > 0, meas(I'y) > 0.
We consider a family of m simply connected subdomains w, C 0, p =1,...,m, where
m > 1 is some fixed natural number. We assume that these subdomains satisfy the
following properties:

a) the domains w, have the Lipschitz boundaries Ow,, p =1,..., m;

b) the distance dist(w,, ') > &, dist(w,,w,) > & for each p,q =1,....,m, p # q,
where 9 is a sufficiently small positive number.
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Let us note that the above assumptions a) and b) provide the possibility of applying
trace theorems and the Poincaré inequality in corresponding Sobolev spaces. Under
these assumptions, geometry of the subdomains can be arbitrary, just as their diameters
can be arbitrarily small. In particular, periodically located rigid inclusions satisfying
conditions a) and b) can be considered as adopted by the periodic homogenization.
We fix some inner points xf, = (24, 25, 25) in each w, , p=1,...,m, and consider
rotations of the subdomain w, on angles 77 € (0,27], i = 1,2, 3, around local axes

(2

e = {(z1,22,23) € R®| ;= x?o = const, j#i}, =123

For convention we compose the rotation matrix A of a sequence of rotations in the
right-hand rule, that is, the rotation on v, € (0,27] around the e}-axis, after rotation
on 73 € (0,27] around the eb-axis which, in turn, after rotation on 3 € (0, 27| around
the eb-axis, as follows

1 0 0 cosye 0 siny, cosys —sinys 0
A=10 cosy; —siny 0 1 0 sinyg cosvyz 0
0 siny; cosm —sinyy, 0 cosvy, 0 0 1

This case corresponds to counterclockwise rotation of vectors in the right coordinate
system.

Let us denote by w,(y”) the transformed domains obtained by the rotations 7# =
(V7,45 4%). For each X = (z!,...,2™) € R¥ T = (y',...,9™) € (0,27]*™ with
aP = (o, 2h, 28), P = (V],48,7%), p=1,...,m, we define the induced family

S(X,T) = {wi(x", ), ..., wn(2™ ™)}

of domains obtained by shifting of w,(y*), where 2P = (2,25, 2%), p = 1,...,m, are
the translation vectors for each subdomain w,(y?), such that

wy(a?,97) = { (21,22, 73) € R?|
(Z’l, X2, 1'5) = (mfv xI2J7 ﬂfg) + (3?1’ '%27 ﬁjd); (ﬁjl; i?a £‘3) S wp(fyp)}
We consider a compact subset A C S(X,T) with elements satisfying the conditions:
wy(2P,4P) C Q,  dist(w,(a?,4?),T) > &, Vp=1,...,m, (1)

dist(@,(2?,9"),w,(2%,77)) > 6 Vp,q=1,...,m, p#q. (2)

As an example of the compact set satisfying (1), (2) we present appropriate balls €2
and wy, p=1,...,m. Let rq be the radius of 2, and 2 be coordinates of its center.
By z§ and r,, p = 1,...,m, we denote coordinates of centers and radii of balls w,,
correspondingly. Then we have the following expressions for distances

dist(@y(2",7"),wq(29,7")) = |l2g + 2" — x5 — 2|z — rp — g = 0o,

dist(@y(xP,4P),T) = rq —rp — ||2%F — 2h — 2P ||s> do.

In the sequel we will need the following assumption.
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Assumption 2.1. For some fired p € 1,...,m and an arbitrary strictly inner subdo-
main D C w,(aP,~P) there exists a positive sufficiently small number § > 0 such that
D C wy (2P, 4P) Nw,y(2P,47) for all (27,47) € R® such that ||(xF,~?) — (2F,4P)||rs < 4.

To formulate the model of a composite body with the family of rigid inclusions,
we will use the concept of a rigid inclusion occupying an arbitrary subdomain O C €.
In this case, the displacements in O should have a special structure W|o = p with
p € R(O), and R(O) is the space of infinitesimal rigid displacements on O:

R(O) = {p = (p17p27103) ’ pt(m) = Br =+ C? T = ('xhx%x?))t € O}v

where ¢ denotes transposition of vectors, B is a skew-symmetric matrix which can be
obtained from the rotation matrix A by formula B = AA!, and C' is a vector, such that

0 b2 Dis C1
B = — b12 0 b23 s C = Co N (3)
—big —byg 0 3

and bya, bi3, bas, ¢1, ¢o, c3 € R, see details in [37, 38].
For the Signorini problem following next, we fix the element (X, T) € A and suppose
that the domains w,(z?,7?), p=1,...,m, refer to rigid inclusions, while the domain

N wim = (Jwp(a,77)
p=1
fits to the elastic matrix of the body.

3 Signorini problem

Denote by W = (W5, W, W3) the displacement vector in the Sobolev space
HL () ={veH(Q)| v=0 onlo}, H(Q) =H(Q)?

We introduce the second order symmetric tensors describing deformation of an elastic
part of the inhomogeneous body, and the corresponding stress by

1 /oW; OW; .
5@'j<W> - 5 (8% + 8x:> y O'ij(W) = Cz’jklgkl(W)a 1,] = 1, 2,3,

using the convention of summation over repeated indexes, where c;;; is the given
elasticity tensor, assumed to be symmetric and positive definite:

Cijkl = Criij = Cjikl, 4,7, k,0=1,2,3, ¢y = const,
cimii&a = col€®, V€ & =& 4,5 =1,2,3, co=const, ¢y >0.
By the geometric assumption concerning the domain €2 and using the Korn’s inequality
from [39, 40], the following lower estimate holds
[ ouWesW)do = clWiey, W € H®), ()
Q

with a constant ¢ > 0 independent of W.
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Remark 3.1. The inequality (4) implies the equivalence of the standard norm in H(Q)
and the semi-norm determined by the left-hand side of (4).

We consider the frictionless contact at the external boundary, which is modeled
with the well-known Signorini condition

Wil/i S 0 on Fl;

where v = (v, 19, 3) is an outward normal to I'. We introduce the energy functional

1
mmxm:§/%wmﬂwm—/mxﬁmw, (5)
Q Q
where the vector of body forces FI(X,T) = (f1(X,T), fo(X,T), f3(X, 1)) € C(Q x
(0,273 La(£2))? is given. Regarding rotation, the periodicity condition
F(X,T)=F(X,T)

should hold for all T, T such that [¥* —47| = 27,4 =1,2,3, p=1,...,m. Note that in
contrast to the functional considered in the earlier paper [36], the function of external
loads F(X,T) depends on locations and rotations of inclusions. This assumption is
certainly more justified from the point of view of physics.

For fixed (X, T) € A, a Signorini problem for the composite body can be formulated
as the following minimization problem (see textbooks [41, 42]):

Find U(X,Y) € K(X,T) such that [I(U, X,YT)= inf II(W,X,T), (6)

WeK (X,T)
where the set of admissible displacements is defined as follows
K(X,T):{WEH(Q)’ qulg() on Fla
Wle, (@) = p, Where p € R(wy(2P,77)), p=1,...,m}.
In the virtue of coercivity (4), the problem (6) has the unique solution U(X,T) €
K(X,7T), which satisfies the variational inequality (see [36]):

/ 0 (U(X, 7))y (W — U(X,T)) da > / E(X, D)W, - U(X, 1)) de,  (7)
Q Q
forall W e K(X,T).

4 Inverse identification problem

In this section we formulate a class of inverse problem determining the family of rigid
inclusions in the composite body. For this reason, parameters (X,YT) € A are to
be identified from measurements. Let us introduce the cost functional J : A — R
representing a single boundary measurement by the following formula

J(X,T) = / UL(X, 1) da, (8)

Ty
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where U(X, T) is the solution of the forward problem (6).
As commonly adopted in optimal control theory, we should either minimize: find
z1 € R such that

= in J(X,T 9
21 (XI,I}I)%.A ( ) )7 ()

or maximize the cost: find 2o € R such that

2y = ()g}g)éA J(X, 7). (10)

For a given intermediate value z € [z1, 25|, we can formulate the inverse problem as
follows: find parameters (X, T) € A of three-dimensional inclusions and a displacement
field U(X,T) of the body satisfying the variational inequality

/ 0 (U (X, T))esy (W — U(X, 1)) da: > / F(X,T) (W, — UdX, 1)) de, (11
Q Q

for all W € K(X,Y), and the equality
z=J(X,T). (12)

Theorem 4.1. There exist finite real numbers z, and zy solving the minimization (9)
and the mazimization (10) problems, with z; < zy, such that for any fived z € [z, 2o]
the inverse problem (11), (12) has an ezxact solution.

Proof. Let us consider the reduced function J(X,Y), where U(X,Y) is the solution
of the variational inequality (7). Now we take into account Lemma (5.2), which is
rather technical and will be proved below: the solutions U(X,Y) of (7) are continuous
with respect to (X, T) in the space H(€2). This allows us to assert that the continuous
function J(X,T) attains minimum and maximum values on compact set .A. Namely,

zy= min J(X,T), 2z = max J(X,7T).
(X, T)eA (X,T)eA

Since the set A is compact, by the intermediate value theorem we conclude that ar-
bitrary z € [z, 25] is attained within the relations (11) and (12). The theorem is
proved. O

Remark 4.1. It is worth noting that, in virtue of Lemma (5.2), the cost J in (8) can
be taken in the form J(X,T) = G(U(X,Y)), where U(X,Y) is the solution of the for-
ward problem (6), for an arbitrary uniformly continuous functional G : H(2) — R. For
example, the result of Theorem (4.1) remains correct for the following measurements
over an observation part of the boundary I'y U T'y:

Ji:/ UuX,Y)dx, i=1,2,3, or J4:/ Ui(X,Y )y, de.
o I
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5 Auxiliary lemmas

To justify Lemma (5.2) used in the proof of Theorem (4.1), it needs first to prove the
auxiliary lemma.

Lemma 5.1. Let (X*,T*) be a fized element of the set A C S(X,T) describing
position of inclusions, and let {(X,,Y,)} C A be a sequence of elements converging
to (X*,Y*) in R™ as n — oo. Then for an arbitrary feasible displacement W €
K(X*,T*) there exists a subsequence {(Xg, Ti)} = {(Xn,, Tn,)} € {(Xn, T0n)} and a
sequence of functions {Wy} such that Wy € K(Xy, Vi), k € N, and Wy, — W strongly
in H(Q2) as k — oo.

Proof. First we consider the obvious case when a subsequence {(X,,, T,,)} exists such
that (X,,,, Tp,) = (X*,T*), k € N. Then the assertion of the lemma holds for W, = W.
We exclude this case from further consideration.

We will use the following notations X* = (zb*, ... 2™*), T* = (v*,...,y
X, = (b, o 2™, T, = (v, ™). Let the functions

m,*)
)

* * * * * * * >k * *

describe infinitesimal rigid displacements in domains wy,(zP*,7?*), where b,;;, ¢, are
some constants for i, € {1,2,3}, j <i,and p=1,...,m.

In order to construct a desired subsequence, we start with introducing a system
of new domains @, j(z”*, ¥**), which depend on natural numbers £ € N and on the
domains wy(zP*,+»*), p = 1,...,m. For arbitrary Lipschitz domain O C € and any
positive number e, we denote by O° the extended domain

O° = {x € R?|dist(x,0) < e}.

It is known [43| that there exists a positive number ¢, small enough such that for
all 0 < € < gg the domain OF would be Lipschitz. So we can choose the number
go such that all extended domains ws (27, ~P*), p=1,...,m, would be Lipschitz for
0<e<ey.

Let the positive number M = max{1/ep, 3/do}, and let us denote by w,, j(z*, v*),
k € N, the Lipschitz domains defined as follows

~ * k * * 1 : O
Wp (TP, A7) = wpk (2P, 4P7), where 0 < ¢y = Mk < mm{eo, —}.

Obviously, we have the inclusions
Wp 1 (2P, 4P") DD Wy (2P APT) DL

for all p=1,...,m. On the basis of the affine functions p;, p=1,...,m, the infinites-
imal rigid displacements py ; can be constructed by the following equalities:

* _ E * * k * k k k *
pp71 — (bp121‘2 —'I_ bp13233 + Cpl’ _bp12x]_ + bp23$3 _I_ Cpg, _bplgaj]_ - bp23$2 + Cp3)7

where © € w1 (xP*,9P*), p=1,...,m.
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As the next step, we consider the family of auxiliary problems:

Find an argument Q) € K}, of the minimum p(Qy) = inlg p(x), (13)
XEKE

where p(x) = [04;(x — W)ei;(x — W) dz, and the feasible sets are
Q

Ki={x€H®Q)| x=WonT, xlo, @) =0p, p=1...,m}

The quadratic functional p(x) is weakly lower semicontinuous and coercive on the
space H () due to the lower estimate (4), and sets K}, are convex and closed in H(f2),
k € N. These properties along with the reflexivity of H(£2) provide existence of the
unique solution @y to the problem (13) for each fixed k € N, see [39]. This solution is
characterized equivalently by the variational inequality

Qr € Ky, /Uij(Qk - W)gij(x — Qk) dr >0 Vyx € K. (14)
Q

Note that applying a lifting operator for the Lipschitz domain Q\Uz;l Wp,1 (TP, yP*),
a function y € H(Q2) can be constructed such that

X=0pp on @p(a? "), p=1,...,m, x=W onl.

Since x € Kj, for all £k € N, we substitute y as the test function in (14), which yields
inequalities

/ 03i(Qr — W)ey;(X) dz + / 0ij(W)eij(Qr) dx > / 0i;(Qr)ei;(Qr) dz Yk € N,

Q Q Q

Taking into account the Korn inequality, from the last estimate we get the uniform
upper bound:
|Qrllr@) < ¢ VEeN.

From the above estimate it follows that we can extract a subsequence {Qy,} (for sim-

plicity, we denote it by {Q;}) which converges weakly in H(£2) to some function W,
ie.

Q,— W  weakly in H(). (15)

We will show that W = W. For the sake of simplicity, denote the union of the domains
wy (2P, 9P*) by

wi—m = U wy (P AP
Since (Q,—W) € H} (Q\JL—m)g, in the limit the inclusion (W—W) € H} (Q\Em)s

holds. If the functions are of the form Xli = Q; = «, where « is defined by zero exten-

sion of an arbitrary function a € C§° (Q\Fm)3 into €2, then for sufficiently large [
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we have Xli € Kj,. The sequences x;" and x; can be substituted as test functions into
inequalities (14). As the result, we have

/aij(Ql — W)eij(a) dz = 0. (16)

Q

Now, we fix the function a and pass to the limit [ — oo in (16). The limiting expression
takes the form

/%‘(W — W)eij(a) doe = / Uij(W — W)eij(a) de =0,
Q NG

for all & € C§°(N\w* 7). In view of the density of C§° (Q\w* )3 in H} (Q\a?m)3,
we deduce that W —W = 0 in H} (Q\Fl,m)?’. By construction, the equality W =Wis
satisfied in the union of domains w*; and on the external boundary I'. Consequently,

W =W in H(Q). Then there exists a sequence {Q;} such that @, € Kj,, [ € N, and
Q; — W weakly in H(2) as | — oc.

We proceed to prove the strong convergence. The Mazur theorem provides the
existence of a function N : N — N and a sequence of sets of real numbers {«a(l); |i =
l,...,N(I)} satisfying «(l); > 0 and Zi]i(ll)oz(l)i — 1 such that the sequence {Q;}
defined by the convex combination

1,m 1,m

converges to W strongly in H(£2). According to this construction, a subsequence {k;} of
natural numbers corresponds to the subsequence {@;} from (15), hence for the sequence
{N(1)} we will have the corresponding subsequence {kn}.

Now, we compose a subsequence {(X,,, Y, )} C {(X,, T,)} by the following pro-
cedure: for every i € N take the first element of {(X,,,T,)} satisfying the inequality

1

Xp — X¥||gsm + Dal| T — T||gsm < ————
1 = X llon + Dall o = Tlon < g7

as the element (X,,,Y,,) of the required subsequence {(X,,,Y,,)}. Here by Dg we
denote the following value representing the diameter of the domain 2

Do = max ||z — y||ge-

In this case Q) € K(X,,,Y,,), and we can set {W,, } by the equations

This completes the proof. n

Using Lemma (5.1) we are in a position to prove the following statement which
was used in the proof of Theorem (4.1).
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Lemma 5.2. Let the paremeters (X*,T*) € A, and {(X,,T,)} C A be a sequence
converging to (X*,T*) in R as n — oo. Then U(X,,Y,) — U(X*,T*) strongly
in H(Q) as n — oo, where U(X,,Y,), U(X*,T*) are solutions to the minimization
problem (6) corresponding to parameters (X,, T,), (X*, T*), respectively.

Proof. We will prove the assertion by contradiction. Assume that there exists a number
€0 > 0 and a sequence {(X,,Y,)} C Asuch that (X,,T,) = (X*,T%), |U,—U*|| > €,
where U,, = U(X,,, Y,), U* = U(X*,T*) are the corresponding solutions of (6).

Because (0,0,0) € K(X,,T,) for all n € N, we can insert zero in (11) for fixed
n € N. This provides the estimate

0 0
Since F(X,T) € C(Q x (0,27]%; Ly(R2))3, for (X, T) € A there exists some constant

C > 0 such that
[ F(X, 1) Ly < C,

for all (X, Y) € A. The last inequality together with (17) ensures the uniform estimate
1Unllro) <c

with some constant ¢ > 0 independent of n € N. Consequently, replacing {U, } by its
subsequence, if necessary, we conclude that {U,} converges to some function U weakly
in H().

Now we show that the limit function U € K (X*, Y*). Indeed, the relation

Unlup(army = Ppm € Rlwp(a?",7"™))

holds for some affine functions p,,, p =1,...,m, and n € N. In accordance with the
Sobolev embedding theorem, see e.g. [39], for all p=1,...,m it follows

Unlwy(ap= o) = U]wp(xp,wp,*) strongly in Lg(wp(xp’*,”yp’*)):s, (18)

Unlr — Ulr  strongly in Ly(I')?  as n — occ. (19)

Choosing a subsequence, if necessary, we also get U, — U a.e. on wy(aP*, AP*) for all
p=1,...,m.

In the next step we fix a natural number p, 1 < p < m, and an arbitrary strictly
inner subdomain D C w,(z”*,7%*). According to Assumption (2.1) there exists a suf-
ficiently large N such that, if n > N, then D C w,(2?*,4?*) Nw,(x?",4?"). Therefore,
the sequence {p,,} converges to U a.e. on D as n — co. This allows us to conclude
that the numerical sequences

{bgw}7 {CZ?}7 Z?] = 172a3a [ 7& j?

which determine the infinitesimal rigid displacements p,,, n = 1,2,... on D, are
bounded in R. We can extract subsequences (retaining notation) such that

bpij = bpijs  Cip = Cips 1,] =1,2,3, i F#j, asn— oo,
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and a subsequence {(X,,,Y,,)} such that
U(Xo, Toy) = (bpraa+bpizza+cpn, —bpiaz1+bpo3s+cpa, —bpiari—bposzatcys)  (20)

a.e. on D as k — co. Consequently, a.e. on D

U = (bprao + bpis®s + cp1, —bp1a%1 + bpass + Cpo, —bp1sx1 — bpasza + Cp3).

In the view of arbitrariness of the domain D C w,(zP*,~?*), the above equation holds
a.e. on wy(xzP*, v7*). Hence we conclude that

Olayane o) € R(wp(a™,777)).

Since p is arbitrary, this inclusion is true for all p =1,...,m.
~ We show that U satisfies the Signorini condition in K (X*, T*), that is, the inequality
U;v; <0 on I'y. Bearing in mind the convergence (19), if necessary, we can once again

extract a convergent subsequence satisfying U,|r — Ulr a.e. on I'. This fact allows us
to pass to the limit in the inequality

(Un)zVZSO on Fl.

In the limit we deduce U;p; < 0 on Iy, hence the limit function U € K (X*, 1),

Our next goal is to prove that U = U (X*,Y*). For this purpose we will analyze the
variational inequality (11) and its limiting case. According to Lemma (5.1), for any
W e K(X*, T*) there exists a subsequence of parameters {(X,,, T, )} C {(X,, T0n)}
and a sequence of functions {W}.} such that Wy, € K(X,,,Y,,) and Wy — W strongly
in H(Q) as kK — oo. Since F(X,,, Ty, ) — F(X*, T*) strongly in Ly(Q2)? as k — oo,
the convergent sequences {W;} and {U,} allow us to pass to the limit k¥ — oo in the
following variational inequalities derived from (11) for the parameters {(X,,,Y,,)}
and test functions W), € K.:

/Jij(Unk)giJ(Wnk - Unk) dr > /F1<Xnk’ Tnk)(Wnk - Unk)l d. (21)
Q Q

The result yields

/aij(U)gij(W —U)dx > /E(X*,T*)(W —U)dz YW e K(X*,T").
Q Q

The unique solvability of this variational inequality ensures that U = U*.

To complete the proof, it remains to establish the existence of a solution sequence
U, =U(X,,T,), n=12,..., converging to U(X™*, T*) strongly in H(£2). By substi-
tuting W = 2U,, and W = 0 into the variational inequalities (11), we get

/Uij(Un)gij(Un) dx = /Fi(Xn,Tn)(Un)idx Vn e N. (22)
Q 0
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Equations (22) together with the weak convergence U,, — U* in H(2) as n — oo imply

n—00 n—00
Q Q

_ / F(X*, TU? da = / o (U)ess (U) da.
Q Q

The equivalence of norms (see Remark (3.1)) provides U,, — U* strongly in H(f) as
n — oo. But this contradicts to the assumption that ||U, — U*|| > €, > 0 and proves
Lemma (5.2). O
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