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Abstract A problem of waves excited by an arbitrary oriented impulsive point force
is investigated for a linear system of viscoelasticity equations. It is assumed that the
medium is heterogeneous, isotropic and its properties depend on the prehistory of a
wavy process. We suppose that the modulus of elasticity is expressed as the sum of
two items. The first one is a function of space variables and the second item presents
an integral operator of convolution type with respect to time. The structure of the
solution to the Cauchy problem for a system of viscoelasticity equations is examined.
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1 Introduction, main result

At the beginning of the last century J.Hadamard offered a method to solve a Cauchy
problem for second order general hyperbolic equations. (see [4]). The solution is based
on the series expansion using some infinite system of functions. These functions depend
on the square of a distance in pseudo-Riemannian metrics. This metric is naturally
associated with a differential equation. The main point of the method and its mod-
ern formulation can be found in Babich’s paper [1]. In Sobolev’s works [8, 9] another
method of construction the solution to the Cauchy problem is developed. It is based
on an integral equation that is equivalent to the initial problem. The attempt to ap-
ply the J. Hadamard method to systems of hyperbolic equations with different speeds
of waves leads Babich to creation of the ray method. This method is also based on
the expansion of a solution on some unlimited system of functions, but in contrast to
Hadamard’s series, here some more general function y(z,t) participates as an argu-
ment. This function satisfies characteristic equation. So as this equation has, as a rule,
some real roots, each root has its own expansion that is similar to J. Hadamard’s expan-
sion. Based on plane-wave expansions and their subsequent summation, V.M.Babich
builds fundamental solutions for Petrovskiy systems of hyperbolic equations [2] and
for equations of elasticity [3|. A singular part of a fundamental solution is written out
explicitly for equations of elasticity. This part is a main component that represents the
sum of the delta-functions multiplied by some factors. These functions are located on
characteristic cones.

In the paper [6] the ray expansion is taken out for a system of elasticity equations.
The ray expansion is based, in essence, on Babich’s method. Here the function y(z,t)
has a form of a conical wave. In this case derivatives of the function 7(z,t)are not
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continuous and the higher a derivatives’ order has the more a singularity order in a
vicinity of cone’s top. The last one induces difficulties when receiving explicit formulas
of an asymptotic expansion. The situation becomes simpler by assumption that the
medium is homogeneous in some vicinity of a source. Thereafter the solution is written
out explicitly for sufficiently small spacy-temporal vicinity of the points where a point
impulsive force is applied. In fact, the problem reduces to the extension of the solution
outside this vicinity. Thus it is possible to describe in details the structure of not only
singular part of the solution, but also its regular part. Particularly, it is possible to
calculate a jump of the solution and all its derivatives, when passing through charac-
teristic surfaces, which are responsible for compressive and transverse waves. The last
one is actual in the inverse problems research area (|7]).

Below, the construction of asymptotic formulas to the solution of linear viscoelas-
ticity equations is given for an arbitrary directed concentrated impulsive force. More
precisely, the following Cauchy problem is considered:.

MuEp(x)utt—Lu:foé(x—y,t), uli<o = 0. (L.1)

Here u = (uy,us, us) is a vector of elastic displacement, fO = (f7, f2, f3) is a numerical
vector characterizing the direction of the force, an operator L = (L, Lg, L3, ) is defined
by the equations

> (90'@' (U)

Liu =
Y 83:]-

, 0ii(u) = Ma)ddivu(z, t) + () (8ui(1:,t) N 8uj(;c,t))

e al’j 83:1
¢

+ / [p(:p,t — 5)d;divu(z, s) + q(z,t — s) (81@(3@,5’) + 8%(%8))} ds, 1,7 =1,2,3(1.2)

Oz, oz;
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In these equations ¢;; is Kronecker’s symbol, A(z), pu(x) are elastic modules, p(x) is the
density of area, functions p(z,t), g(x,t) characterize the viscoelasticity.

In the sequel, suppose that A(z) 4+ p(z) > 0, u(x) > 0, p(z) > 0.

In the case of homogeneous medium when p, A, y are constants, p = ¢ = 0, problem
(1.1) has been solved by Love [5]. The solution is given by the formula ([6] §5)

u(z,t,y) = m5(t—7's(x,y))
+$Vdiv{ P [91 (t — Tp(:ﬁ,y)) — 6, (t - Ts(x,y))} }7 (1.3)

where

_ =y A2 _ |z =yl _ [
Tp('I?y) - c ) Cp - 0 ) Ts('r7y> - c ) Cs = ;7
P s

cp, Cs are constant and they define speed of the compressive and transverse waves,
01(t) = tby(t), 6p(t) is Heaviside’s function: 6y(t) =1 for ¢ > 0 and 6y(¢t) = 0 for t < 0.
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By calculating operations div and V, we see that the formula (1.3) can be expressed

LU oy X
20f% vy —vx (fOxv)r1 1
= yP 0ot =) = L 0ult = 7(ay) |

2(f%- vy —v x (f* xv)

+
lz -y

[91 (t = p(,9)) = 01 (t = 7(a, y))] } (14)

where v = (z — y)/|z — y|.

Let us consider an infinite system of functions resulting from Heaviside’s function
by integration and differentiation:

¢k d* (k1)

Op(t) = =00(t), k=1,2,..., O_p(t)=—00(t)=06"""(t), k=1,2,....

k() L 0()7 y 4y ’ k() dtk 0() ()7 ) 4y
We notice that the functions of this system at any & = 0,£1,£2, ..., satisfy equality
92(75) = Qk_l(t). Let

be speeds of compressive and transverse waves in a inhomogeneous medium. Further,
we suppose that \(x), u(x), p(x), p(z,t), q(z,t) are infinitely differentiable functions
of their arguments and c¢,(z) > ¢s(z) > 0, p(z) > 0 for all x € R®. Then suppose that
the parameters \(x), u(x), p(x) are constant in some & vicinity of the point y, and
p(z,t) = q(z,t) =0 for |z —y| < e,t > 0.

Define two Riemannian’s metric using the element’s length dr, = |dz|/c,(x) and
drs = |dz|/cs(z), in this case |dz| is an element’s length in Euclidean metric. Let
Ip(z,y), Is(z,y) be geodesic lines linking points x and y; 7,(x,y) and 74(x,y) be
Riemannian’s lengths. Suppose that these two metrics are simple, i.e. functions 7,(z,y)
and 74(z,y) are uniquely defined. Formula (1.4) for a homogeneous medium, in which
p=py), ¢, = cp(y), cs = cs(y), can be represented as a finite ray expansion

1

u(e,ty) = 3 [0 (@,y) 04(t = 1ylw,9)) + (@, ) u(t — ()], (15)

where the coefficients a*?)(x, y) are given by

f2Vymp(2,y)) V(2 y)
Amp(y) cp(y) (2, )
aOP) (3, y) = V1(x,y) X (f° x Vyrp(2,9)) = 2(° - Vy7p(2,9)) VTp(2,y)
’ Amp(y) cp(y)7p (2, y)
Vrp(w,y) x (f° x Vyr(z,y) = 2(f° - Vy1p(2,9))) V7 (2, y)
Amp(y) ¢p(y) 7 (2, y)

aLp) (z,y) = _<

, (L.6)

ot (z,y) =

)
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and the coefficients o®*)(z,y) are given by

V7s(x,y) X (f* x Vy7a(2,9))

a1 (1) = —
(@) Tnp(y) ca (o))
009 (¢, y) = 2(f -VyTs(w,y))Vzg(y)) cS(V)ZS?(Z; yy))x (f7 x Vyfs(ﬂf,y)), (.7)
0093, y) = 2(f° - Vyri(,9)) V7o, y) — V7o, y) x (f° X V72, 1))
’ Amp(y) cs(y)73(,y) '

By the assumption that the medium is homogeneous in the vicinity of a source, the
solution of (1.1) coincides with the solution for a homogeneous area in a sufficiently
small vicinity of the point (y,0).

Enter some additional notations. Let o = (o, g, v3) be a vector, which depends
on the spatial variables x and y, and 7 be a scalar function of the same variables. Note
via k7% (c, 7) the superposition of functions of z and y, and define them for i, j = 1,2, 3
and integer values of m, by the equalities

/i?j(a, 7) = —Ax)dj(a- V1) — pu(z) (O‘ig_; + ozjg—;>,
ki(onT) = Ma)ddive + p(z) (gj; + gjj)
or or
_pO(I)éz’j(O‘ . VT) — qO(ZL’) (0418—% + Oéja—xi>, (18)
. Jda; O
Kij a, 7)) = pim-2)(x)ddiva + q(m_g)(x)<amj + c%cj)
or or
—Pm—1)(¥) 035 (- VT) = q(n-1)(2) (aza—x] + ija—x)a m 22,
where (e ) (e t)
_ ol t) _ Mz,
Pm(7) = otm =0’ 4 () otm =0
Further, let QM) Q(™*) be vector-functions, which components an’p ), QE"’S) for n =
1,2, ... are calculated by following formulas:
3 n+l
(o) o nmmp) an _ 9 me1y, (n-ma) ]
3 n+l1
(n, |: (n m,s) % 9 m—1¢_ (n—m,s) ]
Qz Z Z z] )ax] 8[Ej K/lj (O{ 77—5) ’ (19)
7j=1 m=2
i=1,2,3.

Assume that the QP =0, Q(®9) =0
Let

"= (1 &) = =), y) Vymp(a, y)
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and

¢ =(¢1,6.G) = —c.(W)7l@, y) Vyri(@, y)
be Riemannian’s coordinates of x with respect to y in the metrics dr, = |dz|/c,(x),
drs = |dx|/cs(z) respectively, and J,(x,y) = det(%), Js(z,y) = det(%) be Jacobians
of transformations of Riemannian’s coordinates to cartesian ones. Define a scalar
function A®)(x,y) and a matrix 7 (z,y) with equalities

®) (1. ) = Jp(2,y) ox 1 po(§) + 290(§) -
ATey) Anty (2, y)e2(y)v/ p()p(y) p<2r (x/y) M) +2u(8) dp)’ (1.10)

) (2 ) =
) = e e eV

S(x,y)\/Ts(z,y) eXp<1 / qO(QdT'), (1.11)

2

Us(z,y)

In these equalities § is a variable point of geodesics I'y(z,y), I's(7,y), and 7, = 7,(£, y),
7. = 15(€, y), respectively, S(z,y) is the matrix exponent

S(x,y) = exp{ / (Vlncs(ﬁ))tdf}. (1.12)
Us(z,y)

Here (VInc,(€))! is a column vector, and d§ = (d&;,d&,, d&3) is a row vector, and
multiplication of these vectors is performed according to rules of matrix algebra.

Theorem 1.1. Let the above assumptions for functions A(z), u(x), p(x), p(z,t), q(z,t)
hold. Then the solution of (1.1) can be represented in the form of asymptotic series:

oo

ulw,ty) = - [al P (@,y) 00t = 7(w.9)) + 0, y) 0u(t — 7 (9)) [(113)

where o*P)(z,y), o®*)(z,y) are functions of the class C*(RS\ {(y,y)}) defined by
(1.6), (1.7) for |x — y| < e, and given for |x — y| > € by formulas

a7 (z,y) = cp(2)[AWP (2, y) V(2 y) + V7 (2,y) x BEP(z,y)],
Oé(kys) ($7 y) = Cs(‘r)[A(k,S) (I, y)VTs(x7 y) + VTs(xa y) X B(k’S) (I‘7 y)]’

where

A(fl,p)<x, y) = _(fo : vyTp(xa y))A(p)(flj, y)? B(iljp)(ly y) = 0’
B(_LS)(ZL‘a y) = _(f‘O X VyTS(xa y))T(S)(ZL‘, y)7 A(_178)(x7y) =0,

and subsequent coefficients are calculated by using following recursion formulas:

1 A& (2,y), y) RMP)(E,y) )
AT ) = [ AP (& (2,y),y) - / 2A@)(&, y) dTp]A( () nz 1,

Fp(ngp(xzy))
A+ 2u
B(”’p)(x,y) = —(c QP x Vr, — [wAT, + V- V1, — qoc_Q]B(”_l’p)
pA+ )\ ' ! ro

—Cp [Q/L(Vrp - V)al" ) 4V (A + ,u)c;lA("’l’p)) — c;lA("’l’p)V,u] X Vrp>, n >0,




46 Vladimir G. Romanov

BO ) (2, y) = [B(”‘l’s) (&, ), )T (&, 1), y)

il / R (€, )T (€, y) dry | (T (), m > 1,

CS 3 n—1,s n—1,s — n—1,s -
A () = Y u{[()\ + ) dive™ ) + V- a7 — (pg + go)e; AT e

+ AT, + Vi - V1s — qoc; 2JAP) 1 [20c, (VT - V)a( 1)
+¢, V(A + /L)CS_IA(”_LS)) — AL — e, QM™Y. V1), n > 0.

In these formulas &,(x,y), s(x,y) are the intersection points of geodesics I'p(z,y)
and Ty(x,y) with the sphere |v — y| = €, respectively, scalar functions R™P) and R(™*)
are defined by the equalities

1
RmwP)  — ;<CPQ(n,p) VT, — (A + u)c;ldiv(chTp % B(n—l,p))

+Vp - (Vr, x B®IP)Y £ 2,(Vr, x B"19)) . Vin cp]>,

1
RMs) = ;{cSQ("’S) + AN 4+ 2u)V Ine, — VA — (A + p) VA1 x V|

moreover,

ARG (), y) 200 V(e y)) e ()] { 1, n=12
A&, (2, y),y) &p(@,y) =yl 0, n>2,

B (2, y), )T (&, y),y) = — (f° *x Vy7i(z,y))[es(y)]" { 1, n=1,2

sz, y) —y|m 0, n>2

Remark 1.1. Asymptotic series (1.13) is an expansion "by the smoothness”, (the term
belongs V. M. Babich, see his work [1]) in the vicinity of the characteristic cones.

This series allows us to calculate the singular part of the solution and jumps of
derivatives of any order on the characteristic cones t = 7,(x,y) and t = 75(z,y). The
jumps of of derivatives of order m > 0 are expressed in terms of coefficients a*P) (x,y),
a®9)(z,y) for k < m. In particular,

[amu(xvtuy>1 8mu(ac,t,y)]
L2 PR, 2L PR

Remark 1.2. In the case where the coefficients of elasticity equations have a finite,
but sufficiently high smoothness, we can write only the finite number of terms in the
asymptotic (1.13), and the residue can be estimated by using the standard method of
enerqy estimates.

= ™) (z,y), [ = o™ (2, y).

A structure of the article is as following. In Section 2, for the reader convenience,
there are some basic information about the formulas and concepts of Riemannian’s
geometry. In section 3, the basic relations of the ray method are derived. In sec-
tions 4 and 5, formulas calculating coefficients a*?) and a®* of the series (1.13) are
established.
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2 Some facts from Riemannian’s geometry

We have already had two Riemannian’s metrics, linked with speeds of compressive
¢p(x) and transverse cs(z) waves. It is convenient to set out the series of the facts and
suitable notations for some arbitrary isotropic Riemannian’s metrics. The element of
length is defined by the formula dr = |dx|/c(x). Here ¢(x) is a smooth and positive
function defined on any compact domain of the space R3 . Further we will use these
facts for ¢ = ¢, and ¢ = c,, providing relevant indices to p or s.

Associate the Riemannian’s distance 7(z,y) between arbitrary two points x and y.
Assume that the function 7(z,y) is defined uniquely. In this case, each pair of points
x, y corresponds to a unique geodesic I'(x,y) that joins them. As a positive direction
on I'(z,y) we take direction from y to z.

The function 7(z,y) satisfies the first order differential equations

o(x)|Ver(z, )| =1, c(y)|Vyr(z,y)| =1, (2.1)
and to the additional condition

|z —y|
c(y)

T(x,y) ~ . T =, (2.2)
In sequel, assume that V, = V. For a known function 7(z,y) defined along a geodesic
['(z,y) we have

d

= = A@)Vr(r,y), (2.3)
where the parameter 7 is numerically equal to Riemannian’s length 7(x,y). It fol-
lows from (2.3) that the vector V7(x,y) is directed at x tangentially to I'(x,y). The
derivative of the function ¢(x) with respect to 7 along to I'(x,y) is given by

W) _ V() L = 2a)Vr(ay) - Velo). 24)

=

Derivatives of the function 7(x,y) are smooth everywhere, except the point z = y.
Then, first order derivatives are bounded but not continuous at the point x = y.
Derivatives of order £ > 1 grow indefinitely in the vicinity of this point, with the rate
of growth O(|z — y|*~"). In contrast, the function 72(x, %) is smooth everywhere with
respect to variables z and y and belongs to class C*(R®) if ¢(z) € CH(R?), k > 2.
Further, we suppose that c(z) € C®(R3).

Consider the Riemannian’s coordinates ( = ({1, (2, (3) of point z for a fixed point
y, determining with equality ¢ = —c*(y)7(x,y)V,7(z,y). From equalities (2.1), (2.3)
it is clear that ¢ = c(y)7(x,y)v° where 1° is the unit tangent vector to I'(z,y) at the
point y. The direction of this vector corresponds to the positive direction of I'(z,y),
i.e from y to z. From the above, it follows that ((z,y) € C*(R°) as x — y.

Fix z and y. Let £ be an arbitrary point of I'(z, y). Equation of the geodesic I'(x, y)
can be written in the form & = f(2(,y), where f((, ) is some function of class C*(R®)
and z is a dimensionless parameter, and z = 7(£,y)/7(z,y). In particular, when z = 1,
we get that z = f(¢,y). Note that f(¢,y) =y + (+ O(|¢|?) as ( — 0.
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For the future, note one important formula (the deduction can be found in |7]):
AT =6 —2Vr? - Vin(*J), xR (2.5)

Here J = J(z,y) is the Jacobian of transition from Riemannian’s coordinates of = to
cartesian ones:

— ¢ oo (6 —
J(w,y) = det(52) € C¥(R), J(y.y) = 1. (2.6)
From (2.5) follows the formula
2
AT == — V7 -Vin(J), xR (2.7)
T

3 The deduction of main relations

The solution to (1.1) is represented in the form of asymptotic series
[e.e]

u(w,ty) = 3 [P (e )8t~ 7(,9)) + 0 @, )6t~ 7l 9)] - (3)

For the convenience of further calculations, let us set a*?) = a(*) =0 for k < —1.

We should count the value of differential operator M (see (1.1)) at the function
u(z,t,y). To avoid the same type of calculations, for the moment, we will determine
the value of this operator at the some simple function v(x,t, ), which is defined below.
For this aim, let us regard Riemannian’s metric that is defined in the Section 2 with
an element of length dr = |dz|/c(z), ¢(x) > 0, and corresponding function 7(x,y) as
Riemannian’s distance between x and y points. Define the function v(x,t,y) by the
formula, which is similar to (3.1),

’U(SC,t,y) = Z an<xvy)9n(7)7 Y= t— T(l’,y).

n=-—1

The following equalities hold:

03i(a"0,(7)) = Z ki (@, T)Onrm—1(7),

Where w7} (a, T), a = (a1, a1,a;) are defined by

or or
0 — - i7 . — L P
ki, 7) = =A(x)di(a - VT) — p(z) (ala% + a; (9:162-)7
Oa;  Oay;
! — i i j
Kij(, 7) = Ax)ddiva —|—,u(x)<amj + 8@)
or or
—po(x)dij(a - VT) — go() (O‘ia_xj + ozja—xi>,
m or or
ki (a,T) = =pam-1)(x)dii(e - V) = qm-1)(z) (ai% + O‘j%)
J 1

80@' 1 &yj
Oxj @CCZ

+D(m—2)(2)d5;diva + qn—2)() (
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omq(x,t
() = 00

t=0

zmmmzzz@mwmwww%+%mm%www)

v, &
T= N alf,a(y), i=1,23

Using these formulas, let find

patQ B Z Z qu Q" T)Onym—2(v), 1=1,2,3.

7j=1 n=—1m=0

In this formula

0
q?j(oz,T) = pa;d; +Ii?j(a,7)a—;,
0 0
qf;’(oz,T) = ﬁm(a T)— T _ 9 me Ya,7), m>1.

1]
Or; Oz,

We can rewrite the equalities (3.3) as

82Ui = k .
P o —Liv:ZriQk_?,(y), i=1,2,3,
k=0

where

3 k
:ZZ o), i=1,2,3, k>0,

7j=1 m=0

According to formulas (3.3)-(3.6) we have:

02 > s ,
p - - Z ek 3 Vp Tz(k7 )ek—3(’7$)}7 1= 17 27 37
k=0

(k,s) (k s)

where 7,77, 7,77 7, vs are defined by equalities

r? ZZ% om0l ) =t = (),

jlmO

k:s) Z Z qz] (k— m—l,s)ﬂ_s)’ Ny =1t — ( y)

7j=1 m=0

(3.4)

(3.5)

(3.6)

(3.7)
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and ¢f} (a, 7') are given by formulas (3.4).

Having p2 8t2 — Lju =0 for t > 0, the following equalities should satisfy
r*P =0, i=1,2,3, k=01,2,..., (3.10)
r® =0, i=1,2,3, k=0,1,2,.... (3.11)

These equalities are used to calculate a™?), o) n > —1.

4 Coefficients o*?) calculation

First, let us consider the group of equalities (3.10). Suppose k = 0. Then rl@’p) =0,

i =1,2,3 and to find a{~'?) we get the system of homogeneous equations

pal™ ZKQ.(O[(—I,ID)’TP)_‘ =0, i=1,2,3, (4.1)

where

- _ _1p) 0T, _1) 0T,
K“?j(a( L) 1) = = A(2)6;; (") - V1) — p(w) <a§ 1p)8_x§ + CE§ 1p)a—;z>.

It is easier to work with equalities (4.1), via representing them as one vector equality.
Notice that,

or, oT,
0 (o(=1:P) “r 1.p) P —2 ( Lp)
SR @, 1) T (14 ), V) (12)

When deriving this formula the equality |V7,|> = ¢,

account(4.2), let us write equalities (4.1) as

is used. Taking into

(p— /icgjz)@(ilm) —(A+p) (Q(il’p) - V1,)V7, = 0. (4.3)

It is easy to check that the equations (4.1) are linearly dependent ones. Indeed,
taking scalar product both sides of equation (4.3) and V7, and using the equality
c;Z = p/(XA+2u), we obtain zero. It also means that projection of vector a(=%?) to the
direction V7, can not be found from the system (4.1).

Let us show that the projection of this vector to a plane that is orthogonal to the
vector V7, is defined by the equality (4.3) uniquely and it is equal to zero. Indeed, any

vector a™P) can be represent in the form
a™P) = cp(:v)[A(”’p)VTp + V1, x B(”’p)], B"P) . V1, =0, (4.4)
where the scalar A™P) and the vector B™P) are calculated as

Ap) = cp(a:)(oz(”’p) -VT1,), BP) = cp(.r)(oz("’p) x V1,). (4.5)
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Multiplying the equality (4.3) by ¢,V7,, we get following expression:
(p— uc;z)B(’l’p) =0. (4.6)
So as p—pcy? = p(A+p)/(A+2p) > 0, then from this equality follows, that B = 0.

The quantity AT remains indefinite. In order to calculate it, we use equality (3.10)
with £ = 1. In expanded form it can be written as

3
or, 9 o,
1/ (=1, L . B
jzl |:I<Lij(06( .7, )a—xj - 6—%@(04( P 1) + palP6,; + K2 (a0 Tp)ax’j =0, (4.7)
1=1,2,3.

There according formulas (3.2),

e _ (~1,p) (9T | (1) 0T
/izj( Plor,) = =0 (at P - V) u(ozi 8—%—1—% 9z.)"

o, o,
J. ). 07 (07 )
/i?j(oz(op),Tp) = —\0y;(@"P . V7)) — u(ag p)—&;; +a; " —axi>,

ol 9ol
nl-(a(*l’p), T,) = /\&jdivoz(fl’p) + u( < + —Z >

" a 3@
87’ 1) OT,
—po&;j(a ). Vr,) — qO( 8;» + oz§~ Lp) 8;)'
j 7

Let us write the system of equality (4.7) in a vector form. Notice, that first sum-
mand on the left-hand side of the formula (4.7) can be written in the form

’ (9 o, 0
Z (% P — \diva! ”’)am w(Vt, - V)a Efl’p)—l—am(,ua “LP) . vr)
j=1 J i i
_ ar, o o7,
_ (-Lp) .\ 2P _ (=Lp) . _ (=L,p)
(a9 )T — (@ T S (g ) (0 ) ST — g 0l

Let us transform second summand of the formula (4.7) as follows

3
9 o
— —_ (=1.p)
5 L -
— 0 o
‘HL(O@( l’p)ATandiVOé(_l’p)a—Z+(Oé(_1’p) .V)E)Z)

_ %)
+(V - V7)ol vy a<—1vp>a—”“,
€T

Using equalities (4.5), (4.8), (4.9), we can write quantity (4.7) in vector form:

1

ai. (AT V7)) + u(Vr, - V)a ™

(A + p)diva™"P) + V- a7 — (pg + go)c, P AT VT,
HpAT, + V- V1, — qoc, 2o ™) 4+ 20u(Vr, - V)al T
+V((>\ + p)e —1A(—1,p)) — _1A(_1’p)V,u

+(p — pc, Ha%P) — (X + p)e _IA(OP Vr1,=0. (4.10)
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Replace the equality (4.10) by its projections to vector V7, and to a plane that is
orthogonal to this vector.
Multiplying equality (4.10) by ¢, V7, we get:
(A + p)diva™"? + V- o7 P]e ! + [uAT, — ¢, % (po + 240)] AT
+2u[VT, - VACLD) _ o=l (. V) (¢, V)]
+¢,V((A + p)e, AT v, = 0. (4.11)
Because the following equalities
al =P (V7 - V)6 V1) = (O‘(_l’p) V1)(V7, - V) + Cpo‘(_Lp) (V7 - V)V,
= A(’l’p)(VTp -Vine,) — c‘;l(a(’l’p) -Viney),
V(A +p)e," AT .V, = A+ p) VAT .V, + ATV (A4 ) - VT,
—ACY) (N 4 )V ne, - V7,

hold, then equality (4.11)is equivalent to the following
A+ 3u) VAT v 4 (A 4 p)diva ™) + V- o782 4 240710 . Vin eyt
+[pAT, + VAN +p) - V1, = (A +3u)V1, - Vine, — (po + 2q0)c;2]A(_1’p) = (4.12)

Substitute a(~1?) = AP V7, into this formula. Then the equality (4.12) takes
the form:

20\ +2p)(VATED . v 7)) + ACYP (N + 2p) AT,
+V (A +2u) - V7, — () 2(po + 2q0)] = 0. (4.13)

Dividing this equality by p, we get its another form
QCz(VA(_l’p) -V1,) + ACLP) [CZATP + ciVln(czp) -V1, — b =0. (4.14)

Here b1 = (c,)*(po + 240)/p = (po + 2q0) /(X + 21).
Notice, that due to the formula (2.4) a differentiation of some function ¢(z) with
respect to 7, along I',(x,y) is prescribed by the formula

dp(z) dx

e Ve(z) - = A (2)Vry(z,y) - V(). (4.15)

Note one more formula

2
AT, = — - VT, -Vin(cJ,), zeR’ (4.16)

p

which corresponds to the equality (2.7).
Due to formulas (4.15), (4.16) we get

OALP)
T,

= [E N i(ln J£> ~h] =0, (4.17)

7, 07, "

2
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The latter equation can be written in the following way

%[Au,p)%ﬁexp(—% / bi(€) dry)] = 0. (4.18)

Fp(x,y)

This equality means that expression in squared brackets in the formula (4.18) must be
constant along a geodesic line I'y(z,y), i.e.

1
A1) (g, ) 2TV ( _1 / bi(€) dT};) ey (4.19)
‘]P (ZL’, y) 2
Fp(:v,y)
Let us choose a constant C such that the main components of decomposition (1.5) for
homogeneous medium with ¢, = ¢,(y), p = p(y) and decomposition (3.1) for inhomo-
geneous medium coincide at the neighborhood of the point y. It follows from (4.19)
that

Cr=+/p(y) iLIg[Tp(x7y)A(_l’p)($,y)], (4.20)

where the limit is calculated along the geodesic I')(z,y). On the other hand, this limit
can be calculated via formulas (1.5), (1.6). For this aim one should compare formulas
(4.4) and (4.5) As a result, we found

. _ 1 (f°Vy7) (f*-v)
lim[7,(z, y) AT (z, y)] = — i LE - P, 4.21
x—>y[ p( ) ( ) A p(y) ==y cp(x)cp(y) 47rcz37(y)p(y) ( )
Here y]g = —¢,(y)V,7, is a unit vector tangent to I',(x,y) at y, which is positively
directed. Then,
0.,,0 0.
o= V) (4.22)
Arey(y)v/ply) 4w (y)v/p(y)
The formula (4.19) leads to the equality
AT () = (£ V() AP (2, ), (4.23)

where

A(p)(gc,y) — V (@, y) exp (1 / po(§) + 290(§) d /)7 (4.24)

-
drmy(@, )WVe@ely) N2 AME) +2u(E) "
So,
o (2, y) = —c (@) (0 - Vyrp(,9)) AP (2, y) Vo (2, ). (4.25)
Let us take vector product equality (4.10) and vector ¢,V7,. As a result, we get
A+ 2p _ _ _
B(O,p):_—< AT, +Vu- V71, — 2\ gl Lp)_i_[g V1, V)al~1tp)
O ) (WATy + V- V7, = qoc,”) p(Vry - Vo

V(A + p)ey P AT - c;lA(*l’p)Vu} x vfp). (4.26)
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Notice that in this formula B(-1P) = 0 holds.

So, using equality (3.10) where k = 1, we calculate AP and BOP)| Let us show
that evaluations are able to be calculated with recurrent formulas. Let n > 1 be an
integer number. Assume that vectors a*~1P) B%*P) are known for all nonnegative
k < n. Let us show, that equalities (3.10) allow us to find formulas for calculation
A=) and B™P) for k =n + 1.

Indeed, write equalities """

%

=0, ¢ =1,2,3 in the following way:

3
> (a5 ) + gy (@) = QN i = 1,23, (4:27)
=1

where an’p ) are components of the vector Q™) defined by

3 n+l

an,p) - _ Z Z QZL(Oé(n—m,p)7 Tp)7

=1 m=2

3 ntl o P

— m (TL—TI’LJ)) p_ - m—1 (n_mvp) ) —

= — ["%'(O‘ \Tp) — K ,Tp) |, 1 =1,2,3.
Z Z J or;  Ox; Y P

j=1 m=2

According the above assumption, vector Q™) is known. The equality (4.27) can be
written in vector form that is quite similar to the equality (4.10), namely,

(A + p)diva™ ') + V- o) — (pg + go)c, T ATV,
+[pAT, + V- V1, — qoc;Q]a(”*l’p) +2u(VT, - V)an= 1)
+V((A+ p)e, PATTEP) — T ALYy,
+(p — pe, ol — (A + p)e, PAPPV T, = Q). (4.28)
Multiplying it scalarly by ¢,V 7, we get an equality
A+ 3u) VAT o7 (A 4 p)diva™ ™) 4+ V- o)
+2ua"1P) .V In eleyt + (AT, + V(A4 p) - VT,
—(A+31)VT,-Vine, — (po + 2q0)c;2}A(”_1’p) = ¢,Q"P) . V71, (4.29)
which is an analog of (4.12). Let us substitute in this formula the expression

amtp) = ALP e 77 4 VT, x B 1Y)

and take into account, that vector B 'P) is known, by the assumption. Transfer
known terms to the right-hand part of the equality and divide the result by p. As a
result we will get the equation to define A™=17)

2c2(VACP) . vy + AP WEAT, + 2V In(clp) - V1, — by] = R (4.30)
Here a vector R™P) is defined by

1
RMP) = —(ch(”’p) V1, = [(A+ p)e, M div(e, VT, x BM=1P)
p

+Vp - (V7 x BW)) 4 24(V7, x B#-1P) . Vin c,,]). (4.31)
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Along geodesic I',(z, y) this equality can be written in the following form

d (A("‘l’p’(x,y)> _ R"P(zy)
dr,\ A®(z,y) / 240 (z,y)’

(4.32)

where the function A®)(x,y) is determined by the formula (4.24).

Let &,(x,y) be an intersection point of geodesic I'y(x,y) with sphere S, = {z €
R?| |z| = }. Integrating the equality (4.32) form the point &,(x,y) to the point &,(z,y)
we obtain the equality:

A(n—=1,p) Ly, RmP) (¢, .
ATz, y) = A<p><s§§(,xy>y;;>y)+ / WwdTP]A(p)<x’y>>”21'(4'33)

FP(Ivgp(Ivy))

Let us notice, that the first summand of the expression in square brackets is easy to
calculate by using formulas (1.6). As a result we find that

AP (2,y),y) 202 Vyr(z,y))le )] { L, n=12,

A(p)<£p(x7y)ay) B |§p(x7y) - y|n 0’ n>2.

Let us find a formula to calculate B (x,y). Multiplying the equality (4.28) vectori-
ally by ¢,V 7,, we get the expression

(4.34)

[WAT, + V- V1, — qocf]B(”_l’p) + 2p¢,(VT, - V) hp) Vv,
+6,V((A + M)C;IA(”_LP)) x V1, — A1 % Y,
+(p — /LC;Q)B(”’p) = ,Q"™P) x V1,

that allows us to find recurrent formula for B™?)(z,y) when n > 1 in the form

B(n’p) _ A + 2/1/
p(A+ 1)
—c, [2u(VT, - V) hp) V(A+ M)C;IA(”_I’p)) - c;IA(”_l’p)VM} X V7p>. (4.35)

(ch(”’p) X V1, — [pAT, + V- V1, — qoc;Z}B(”’l’p)

Comparing this formulas with the formula (4.26), we notice that (4.35) is still true for
n =0 if we assume that Q(0?) = 0.

5 The calculation of coefficients o!%*
Now let us consider the group of equalities (3.11). Let k£ = 0. Then TZ(O’S) =0,1=1,2,3
and we obtain the system of homogeneous equations for a(=%)

3
_ Z 05
pa( 175) + :‘iq(Oé(_l’s),Ts) T — 07 7/ — 17 27 37 (51)

7 1] o
= Ox;

in which

(0. m) = Mg V) = (o) (T + 0T,
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Using the equality p(z) — pu(z)c?(z) = 0, it is not difficult to check that the equations

(5.1) can be written in the following vector form:

—A 4 @) () V)V, = 0. (5.2)
Represent the vector a(™*) in the form likewise (4.4):
™) = ¢ (2)[A™) V1, + V7, x B™9], B . vr, =0, (5.3)
in which A®™*) miS B(™*) are calculated by formulas
A = ¢ (2)(a™) - V1), B™) =c(2)(a™ x V). (5.4)

It follows from the equality (5.2) that AC-%*) = 0. The vector B(~1*) remains indefinite.

In order to find it, let us consider equalities rgl’s) =0,7=1,2,3. In the vector form,

they are completely analogous to the equality (4.10):
(A 4 p)diva™) + V- a7 — (pg 4 go) e P ATV,
+[pAT, + Vi - V7y — qocs o) 4 2u(Vry - V)l =h9)
+V (A + p)e,PATE) — ¢ TACLIY
+(p — pe; )% — (A4 p)e P A0V, = 0. (5.5)
In this equality p — puc;? = 0. Multiplying (5.5) vectorially by ¢;V7, and using the
equality A1) = 0 we get the expression below:
[WAT + V- Vg — qocs_Q]B(_l’S) + 2¢s (Vs - V)a(_l’s) x V1, =0. (5.6)
Let us transform last term of this expression in the following form
2c,u (Vg - V)a(’l’s) x Vry = 2u[(VTs- V)B(’l’s) —¢5(V7s-Vin cs)a(’l’s) x Vg
—c,a ") % (Vr, - V)V7]
= 2u[(V7, - V)BEY) —(Vr, - Vine,)BEH
+(V7, x BEL)) x Vine,]
= 2u[(Vr,-V)BEY) —(BEY) . Vine,)Vr).  (5.7)

Here the vector equality a x (b x ¢) = (a-c)b — (a- b)c is used. Divide both parts of
the equality (5.6) by p and use the formula (5.7). Then we get the relation

2¢2(Vr, - V)BEH) — (BUEM) . V)V,
+[AT, + AV In(pc?) - Vg — by BEH) = 0, (5.8)

where by = by(z) = ¢;%(x)qo(x)/p(x) = qo(x)/u(z). Along the geodesic I'y(z,y) the
following equality holds:

2{03(%5 V)B4 [1 +AVr,-Vin < VP ) . b_ﬂ B19)

Ts

/T - (-1,5) g1 /
S [ (e (< [ mioan)]

XSexp(% / bz(g)d@’). (5.9)
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Here J;, = Jy(x,y) = det(%), S is some matrix exponential and S~! is its inverse
matrix. Let us explain an origin of the matrix exponential. Use the notation for the
term cy(B1) - Ve, )V, in matrix form:

dx
dr,’

cS(B(_l’S) -Ves)Vrg = BUl9g &= cs(Ves)' 'V, = (Vine,)

where (Ve¢,)" means transposed vector Vg, i.e. represents a column vector. Integration
of the matrix S(x,y) along the geodesic ['s(x,y) gives a matrix exponential that is
defined by the equalities:

S =ew{ [ st} =ep{ [ (Vme) e}

Ts(z,y) Ls(z,y)

In these equalities ¢ is a variable point of the geodesic Is(z,y), d§ = (d&;, d&s, dEs),
and 7, = 7,(&,y).

Now let us turn to the calculation of B!, Using the formula (5.8) we conclude
that the expression in the formula (5.9) under the derivative operation must be constant
along the geodesic ['s(x,y), i.e.

7(w,9)V/p(x) BT (@, y) Sz, y) 1 :
ACR) exp ( ~3 / b>(¢) de) =Cy.  (5.10)

FS (l’vy)

In order to choose a constant C'; we use the calculations that are analogous to have
been used above, when one chose C;. On the one hand, this constant is defined by a
limiting equality

(—1,s) -1
¢, = tim p(x)fs(w,y)fj’] - g,y)S (z,y) eXp(_% / bQ(g)dr;)

—~ \/p(y)}Eigg[fs(af,y)B(_l’s)(%y)]a

Ls(z,y)

where the limit is calculated along the geodisic I's(z,y). On the other hand, this limit
can be calculated by using the formulas(5.4), (1.7). Namely,

im |75 (2 (19 (g = —lim (f° x Vy7s) _ (f° x Q)
lim[r.(a,y) B (@,y)] = = lm e es = S

where ¥ is a unit vector tangent to I'y(z, %) at the point .
Then, we find the expression for the constant

(fOxv) (P xVy7(z,y)

2 pu—
dmci(y)v/r(y) dmci(y)v/ p(y)
The formula (5.10) leads to the equality

BT (2,y) = —(f° x Vy7(z,y) T (2, ), (5.11)
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where

T (z,y) =

Finally, we obtain the formula for the coefficient a(~1%):
o™t (z,y) = =y (2) Vars(a,y) x ((F° VyTs(:v,y))T(s)(x,y)) (5.13)

Calculating inner product of equality (5.5) and vector ¢sV 7, and taking into account
that A1) =0 we get the relation

(A 4 p)divah) + V- o719
+24165(V7y - V)a™H) - Uy — (A + p)e 2409 = 0,

that yields to

2

AL — ;—N(<A+u>dwa< L) 4 Ve ol 2pc, (V7 - V)al ) v )5.14)

Thereby, using the equalities (3.11) for k = 1, we have calculated B! and A®),
Further calculations can be done by recurrent formulas. Assume that vectors a*=1%)
A®:3) are given for all k < n. Let us show that the equalities (3.11) for k = n+ 1 allow
us to find the formulas for calculations of B™ 1% and A% . Indeed, write equalities
rl(nﬂ’s) =0,7=1,2,3 in the form

3
3 (@%@, 1) + ah(am ) ) = @Y, i=1,23, (5.15)
j=1

here an,s) are the components of the vector Q* defined by

n+1

an,s) _ _quw (n— ms) )7

j1m2

n+1
(n—m,s) aTS a m— n—m,s .
- _ZZ[ Fij Ts)a_xj_a_xj’fij 1(a( ’),Ts) ,1=1,2,3.

j=1 m=2

According to the assumption the vector Q™) is known. The equality (5.15) can be
written in vector form, quite similar to the equality (5.5), namely

(A4 p)diva™ ™) 4 V- a8 — (pg + qo)c; PATEI )V,
+[pAT + Vi - V7, — qocs a1 4 24(Vr, - V)b
HV (A + p)e PATTE)) — e ALYy,

—A 4 )t AT, = Q) (5.16)
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Multiplying the equality (5.16) vectorially by ¢,V 7y, we get the ratio

[WAT, + Vi - Vg — o )BT 4 2¢,u(V, - V)" 1) x V7,
= {c,QM™ + AV [(N 4 ) VIne, — VA — (A + p) VAP vr,. (5.17)
So as the equality holds
2¢5p (Vs - V)a(”_l’s) x V1 = 2u[(VTs- V)B("_l’s) —¢s(V71s-Vin cs)a("_l’s) x VT,
—c,a™ ) 5 (V- V)V
= 2u[(Vr, - V)B® 1) —(Vr,-Vine,)B" 1)
+[APLIV T, 4 (Vr, x B" 1)) x Vine,]
= 2u[(Vr, - V)BC 19 —(B=19) . ¥1ne,)Vr,
+ ALY, x Vin Cs).
Then the equality (5.17) divided by p(x), can be written in the form
2¢2[(Vr, - V)BT 19 — (B™=1%) . ¥in¢,)Vr,
HpAT, + V- V1, — qoc ) BN = R,
in which
R = %{chm’s) + AL (N 4 2u)V Ine, — VA — (A + p) VAP L9 x V7,
Along geodesic I'y(x,y) this equality can be written in the form
(B ) (19w ) ) = 5RO ) (T ) (5.18)

where (T (z,y))~! is a matrix inverse with respect to T (z,y) defined by (5.12).

Let & (z,y) be an intersection of the geodesic I's(z,y) with the sphere S. = {z €
R3||z| = €}. Integrating the equality (5.18) between the points &(z,y) and = we get
the equality

B9 (1, y) = [B“‘*l’s)(&s(aﬁ,y),y)(T(s)(fs(:ay),y))’1

1
vy [ RO ) ) T ) 02 L

FS (.Z’7§p(l'7y))

The first term of the expression in square brackets is easy calculated by using formula
(1.7). As a result we find, that

0 Ts(X Cs n n =
B(nfl,s)(é»’y>(T(s)<€’y))fl‘gzgs(%y) _ _(f X vy S( 79))[ (y>] { 1: 1’27

sz, y) —y|m 0, n>2

Let us find a formula to calculate A™*)(x,y). Scalar multiplying the equality (5.16)
by ¢sVTs, we get the relation

(A + p)dival™™H9) + V- a9 — (pg + go)e, TAT e
ATy + V- Vg — qocs_2]A(”_1’s) + 2pucs(Vry - V)oz("_l’s) - Vg
+es[ V(A + p)e, PATE9)) — o TALIw ] v

~(t @) TAC) = Q0 U,
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from which it is possible to find recurrent formula to find A™*(z,y) for n > 1 in the
form

2

Alne) = ;TSM{KA + p)diva™ ) + Vi ol — (pg + go)eg P AT e

+ AT + Vi - V1s — qoc; 2] A1) 1 [2uc (V7 - V)a (1)
+es V(A + p)e, TACE)) — ACLgy — e QU] VT

Thus, all the formulas participating in the theorem 1.1, are derived.
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