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Abstract We consider the inverse boundary value problem for the Schrédinger equa-
tion at fixed energy with boundary measurements represented as the impedance bound-
ary map (or Robin-to-Robin map). We give formulas and equations for finding (gener-
alized) scattering data for the aforementioned equation from boundary measurements
in this impedance representation. Combining these results with results of the inverse
scattering theory we obtain efficient methods for reconstructing potential from the
impedance boundary map. To our knowledge, results of the present work are new
already for the case of Neumann-to-Dirichlet map.
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1 Introduction

We consider the equation

—AyY+v(x)y = EyY, v€ D, FeR, (1.1)
where
D is an open bounded domain in R, d > 2, (1.2)
with 0D € C?, '
vel>®(D), v=uo. (1.3)

Equation (1.1) can be considered as the stationary Schrodinger equation of quantum
mechanics at fixed energy E. Equation (1.1) at fixed E arises also in acoustics and
electrodynamics.

Following [19], [26], we consider the impedance boundary map M, = M, ,(E)
defined by

~

Ma['@z)]a = W)]a—ﬂ'/Q (14)
for all sufficiently regular solutions ¢ of equation (1.1) in D = D U dD, where

(V] = [(x)]o = cosap(x) — sina g—lﬁ]aD(x), redD, a eR (1.5)
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and v is the outward normal to dD. Under assumptions (1.2), (1.3), in Lemma 3.2 of
[26] it was shown that there is not more than a countable number of o € R such that
E is an eigenvalue for the operator —A + v in D with the boundary condition

.0
cosathlop — sina 8—7’5|5)D = 0. (1.6)

Therefore, for any fixed £ we can assume that for some fixed o € R

E is not an eigenvalue for the operator —A + v in D (L.7)
with boundary condition (1.6) '

and, as a corollary, M, can be defined correctly.

We consider Ma = Ma7v(E) as an operator representation of all possible boundary
measurements for the physical model described by (1.1). We recall that the impedance
boundary map M, is reduced to the Dirichlet-to-Neumann(DtN) map if @ = 0 and
is reduced to the Neumann-to-Dirichlet(NtD) map if o = 7/2. The map M, can be
called also as the Robin-to-Robin map.

As in [26], we consider the following inverse boundary value problem for equation
(1.1).

Problem 1.1. Given M, for some fixed E and a, find v.

This problem can be considered as the Gel'fand inverse boundary value problem
for the Schrodinger equation at fixed energy (see [18], [36]). Note that in the initial
Gel'fand formulation energy E was not yet fixed and boundary measurements were
considered as an operator relating ¢|sp and g—ﬁ}’aD for 1 satisfying (1.1).

Problem 1.1 for £ = 0 can be considered also as a generalization of the Calderon
problem of the electrical impedance tomography (see [13], [36]).

Note also that Problem 1.1 can be considered as an example of ill-posed problem:
see [4], [31] for an introduction to this theory.

Problem 1.1 includes, in particular, the following questions: (a) uniqueness, (b)
reconstruction, (c¢) stability.

Global uniqueness theorems and global reconstruction methods for Problem 1.1
with o = 0 (i.e. for the DtN case) were given for the first time in [36] in dimension
d > 3 and in [10] in dimension d = 2.

Global stability estimates for Problem 1.1 with o = 0 were given for the first time
in [1] in dimension d > 3 and in [45] in dimension d = 2. A principal improvement of
the result of [1] was given recently in [44] (for £ = 0). Due to [32] these logarithmic
stability results are optimal (up to the value of the exponent). An extention of the
instability estimates of [32] to the case of non-zero energy as well as to the case of
Dirichlet-to-Neumann map given on the energy intervals was obtained in [24]. An
extention of stability estimates of [44] to the energy dependent case was given recently
in [27]. Instability estimates complementing stability results of [27] were obtained in
[25].

Note also that for the Calderon problem (of the electrical impedance tomography)
in its initial formulation the global uniqueness was firstly proved in [51] for d > 3 and in
|35] for d = 2. In addition, for the case of piecewise constant or piecewise real analytic
conductivity the first uniqueness results for the Calderon problem in dimension d > 2
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were given in [15], [28|. Lipschitz stability estimate for the case of piecewise constant
conductivity was proved in [2] and additional studies in this direction were fulfilled in
[48].

It should be noted that in most of previous works on inverse boundary value prob-
lems for equation (1.1) at fixed E it was assumed in one way or another that F is not
a Dirichlet eigenvalue for the operator —A + v in D, see [1], [32], [36], [44]-[49]. Nev-
ertheless, the results of [10] can be considered as global uniqueness and reconstruction
results for Problem 1.1 in dimension d = 2 with general «.

Global stability estimates for Problem 1.1 in dimension d > 2 with general o were
recently given in [26].

In the present work we give formulas and equations for finding (generalized) scat-
tering data from the impedance boundary map M,, with general a. Combining these
results with results of [21], [23], [35], [37]-[39], [41]-|43], we obtain efficient reconstruc-
tion methods for Problem 1.1 in multidimensions with general a. To our knowledge
these results are new already for the NtD case.

In particular, in the present work we give the first mathematically justified approach
for reconstructing coefficient v from boundary measurements for (1.1) via inverse scat-
tering without the assumption that F is not a Dirichlet eigenvalue for —A + v in D.
In addition, numerical efficiency of related inverse scattering techniques was shown in
13, [9], [11], [12]; see also [8].

Definitions of (generalized) scattering data are recalled in Section 2. Our main
results are presented in Section 3. Proofs of these results are given in Sections 4, 5
and 6.

2 Scattering data
Consider the Schrédinger equation
—AY+v(z) =Ey, v R d>2 (2.1)

where
(1 + |z)) v (x) € L®(R?) (as a function of ), for some & > 0. (2.2)

For equation (2.1) we consider the functions ¢ and f of the classical scattering theory
and the Faddeev functions ¢, h, ¥, h, (see, for example, [6], [14], [16], [17], [20], [23],
[33], [37]).

The functions ¥+ and f can be defined as follows:

(k) = 6 / G*(z — y, Kyo(y)d* (v, K)dy, (2.3)
R4
N 1 d 61’59&
Gl k)= - (%> /52 “E a0 (2.4)
Rd

. keRY k2 >0,



8 M.L Isaev and R.G. Novikov

where (2.3) at fixed k is considered as an equation for ¢ in L>°(R%);

)= () [t (2.5)

Rd
kleRY k2 >0.

In addition: o™ (z, k) satisfies (2.3) for E = k* and describes scattering of the plane
waves e*®; f(k,l), k> = [?, is the scattering amplitude for equation (2.1) for £ = k2.
Equation (2.3) is the Lippman-Schwinger integral equation.

The functions ¢ and h can be defined as follows:

W%@:am+/G@—%@WwW%@@7 (2.6)
zfzdf ikac
Gt (27f> /52 +2ke (2.7)

z € RY, k:ECd, Imk #£ 0,
where (2.6) at fixed k is considered as an equation for 1 = e**pu(x, k), p € L>®(RY);

)= () [t 29

R4

k,leC? Imk=1Iml #0.

In addition, ¢ (x,k) satisfies (2.1) for E = k?, and 1, G and h are (nonanalytic)
continuations of ", GT and f to the complex domain. In particular, h(k, 1) for k? = [
can be considered as the "scattering" amplitude in the complex domain for equation
(2.1) for E = k*. The functions 1, and h., are defined as follows:

Uy(@, k) = (x, k+10v),  hy(k,1) = h(k + 07,0 +1i07),

2.9
z, k, 1,y eRY A2 =1. (2:9)

We recall also that

¢+($, k) :wk/“ﬂ(x? k)v f(k7l) = hk‘/|k|(k7 l)v
| (2.10)
vk, 1 €RY [k| > 0.

We consider f(k,1) and h.(k,1), where k,l,v € R? k? =[> = E, v* = 1, and h(k, 1),
where k,l € C? Imk = Im!l # 0, k* = [2 = E, as scattering data Sp for equation
(2.1) at fixed £ € (0,+0c). We consider h(k,l), where k,l € C? Imk = Iml # 0,
k* = [> = E, as scattering data Sg for equation (2.1) at fixed E € (—oo0,0].

We consider also the sets &, &,, €T defined as follows:

(2.11a)

£ (€ C*\R? : equation (2.6) for k= isnot
~ | uniquely solvable for ¢ = ey with p € L®(R?) [~
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£ _{ ¢ € R4\ {0} : equation (2.6) for kz(+i07}
’y_ )

is not uniquely solvable for 9 = L°°(R%) (2.11b)

ve s
o _ ¢ € R4\ {0} : equation (2.6) for k= isnot (2.11¢)
N uniquely solvable for 1 = L>®(R%) ' e

In addition, £ is a well-known set of the classical scattering theory for equation
(2.1) and €T = () for real-valued v satisfying (2.2) (see, for example, [6], [33]). Note
also that £ is spherically symmetric. The sets &, £, were considered for the first time
in [16], [17]. Concerning the properties of £ and &,, see [17], [22], [23], [30], [33], [35],
[38], [52].

We consider also the functions R, R,, R* defined as follows:

R(x,y.k) = Gz — y, k) + / Gl — 2 k)o(=)R(z,y, k)dz,
Rd
r,y €RY ke C? Imk #0,

(2.12)

where G is defined by (2.7) and formula (2.12) at fixed y, k is considered as an equation
for
R(z,y,k) = e™r(z,y, k), (2.13)

where 7 is sought with the properties

r(-,y,k) is continuous on R? \ {y} (2.14a)
r(z,y,k) =0 as [z = oo, (2.14b)
r(z,y, k) = Oz —y>%) as @ —y for d >3, (2140)
14e

r(z,y,k) =0(ln |z —y|]) as z —y for d=2;
R (z,y,k) = R(z,y, k +i07), -

r,y €RY ke R\ {0}, vy €S |
R+ x" 7]{) — R x) ’k ,

(z,y, k) = Ry (2, y, k) 216

r,y € RY ke R\ {0}.

In addition, the functions R(z,y,k), R,(z,y, k) and R*(z,y, k) (for their domains of
definition in & and ) satisfy the following equations:

(Ar + E —v(x)R(z,y, k) = d(z —vy),
(Ay + E —v(y)R(z,y, k) = d(z — y), (2.17)
zr,y € R E =k

The function R*(z,y, k) (defined by means of (2.12) for k € R\ {0} with G replaced
by G of (2.4)) is well-known in the scattering theory for equations (2.1), (2.17) (see,
for example, [7]). In particular, this function describes scattering of the spherical waves
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G*(z —y, k) generated by a source at y. In addition RT(x,y, k) is a radial function in
k, i.e.
R*(z,y.k) = R"(z,y.[k]), @,y €RY ke R\ {0}. (2.18)

Apparently, the functions R and R, were considered for the first time in [38].

In addition, under the assumption (2.2): equation (2.12) at fixed y and & is uniquely
solvable for R with the properties (2.13), (2.14) if and only if k£ € C*\ (RYUE); equation
(2.12) with k = ¢ +1i0v, ¢ € R\ {0}, v € S471, at fixed y, ¢ and ~ is uniquely solvable
for R, if and only if ¢ € R?\ ({0}UE,); equation (2.12) with k = ¢ +140(/|¢|, ¢ € R?\0,
at fixed y and ( is uniquely solvable for R" if and only if ¢ € RY\ ({0} U ET).

3 Main results

Let v and o satisfy (1.3), (1.7) for some fixed E and a. Let M,,(z,y, E),
M, po(z,y, E), ,y € 0D, denote the Schwartz kernels of the impedance boundary
maps Ma,v, Mawo, for potentials v and v°, respectively, where Mam, Maﬂ,o are consid-
ered as linear integral operators. In addition, we consider v° as some known background
potential.

Let h, ¥, f, ¥, hy, 0y, €, ET, E, and RO, 0, O, ™0 KD i @bo &Y, ET0, 50 denote
the functions and sets of (2.3), (2.5), (2.6), (2.8), (2.9), (2.11) for potentials v and v°
respectively. Here and bellow in this section we always assume that v = 0, v° = 0 on
R\ D.

Theorem 3.1. Let D satisfy (1.2) and potentials v, v° satisfy (1.3), (1.7) for some
fixred E and «. Then:

h(k,1) — RO(k, 1)
<27T) //1”0 2, =)o (Ma,e — Maw,) (2,9, B) [ (y, k)]adz dy, (3.1)

k,1eCIN(EUEY), K2*=1*=E, Imk = Iml #0,

(e F)a = [0°(, o + / Aal,y, )y, k) ]ady,

oD (3:2)
r€dD, ke C\(EUEY), Imk #0, k* =E
where
Aa(a,y k) = lim [ Do R (@, 6. k) (Moo = Moyo) (6,9, E)AE, (33)
oD

Do R(7,6,k) = [[R°(z + eV, £, k) e.a)wa =

0 0 02
_ 2 9 .,y 0
= (cos a — sin a cos « (8% + 6u§> + sin aanaV§>R (x4 vy, & k), (3.4)
z,&,y € 0D,

where R° denotes the Green function of (2.12) for potential v°, v, is the outward
normal to 0D at x. In addition, formulas completely similar to (3.1) - (3.4) are also
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valid for the classical scattering functions f, ¥*, f°, w0 and sets ET, ET0 of (2.3),
(2.5), (2.11¢) for v and v°, respectively, but with R™° in place of R® in (3.3), (3.4),
where RTY denotes the Green function of (2.16) for potential v°.

Theorem 3.1 is proved in Section 4.

Note that formula of the type (3.1) for h, is not completely similar to (3.1): see
formula (3.6) given below. In this formula (3.6), in addition to expected ¢ (z, k), we
use also ¢, (z, k, ) defined as follows:

byl k1) = e / G ( — . )o(y)ib, (. k. 1)y,

Re (3.5)
Gy (2, k) = G(x, k +1i0v),

vyeST z kleRYLEE=12>0,

where (3.5) at fixed v, k, [ is considered as an equation for v, (-, k,1) in L>®(R?), G is
defined by (2.7).

Proposition 3.1. Let the asssumptions of Theorem 3.1 hold. Let ¢~ (x, k) correspond
to v according to (2.9) and °_ (-, k,1) correspond to v° according to (3.5). Then

ho(k, 1) — O (K, 1)

_ (%) [ [0 =0l (s = Mo) (9 i Doy, (3.

oD oD

yeST keR\N\({0UEUE), leR, K =1 =E.

In addition, formulas completely similar to (3.2) - (3.4) are also valid for the functions
Py (2, k), wg(m,k‘) and sets &, 52 of (2.9), (2.11b) for v and v°, respectively, but with
R} in place of R® in (3.3), (3.4), where R denotes the Green function of (2.15) for
potential v°.

Proposition 3.1 is proved in Section 4.

Note that (3.2) is considered as a linear integral equation for finding [¢(z, k)]a,
x € 0D, at fixed k, from Maﬂ, — Ma,vo and [°(z, k)], whereas (3.1) is considered as
an explicit, formula for finding h from h°, M, — My, [¢°(z, k)] and [¢(z, k)]s In
addition, we use similar interpretation for similar formulas for ¢*, f and for v, h,,
mentioned in Theorem 3.1 and Proposition 3.1.

Under the assumptions of Theorem 3.1, the following propositions are valid:

Proposition 3.2. Equation (3.2) for [{(z, k)]s at fized k € C\ (RUE®) is a Fredholm
linear integral equation of the second kind in the space of bounded functions on OD.
In addition, the same is also valid for the equation for [t (x, k)], at fized k € RY\
({0} U ETY), mentioned in Theorem 3.1, and for the equation for [ (z, k)]s at fized
v e ST ke R\ ({0} UEY), mentioned in Proposition 3.1.

Proposition 3.2 is proved in Section 4.
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Proposition 3.3. For k € C?\ (R?U &°) equation (3.2) is uniquely solvable in the
space of bounded functions on 0D if and only if k & £. In addition, the aforementioned
equations for [V (z, k)]s, k € RY\ ({0} UETD), and [ty (2, k)]a, v € ST, k € RY\
({0} U EY), are uniquely solvable in the space of bounded functions on dD if and only
ifk ¢ EY and k ¢ E,, respectively.

Proposition 3.3 is proved in Section 5.

Proposition 3.4. Let ¢, (z,y) be the solution of the Dirichlet boundary value problem
at fired y € 0D, A € C:

_A;tgba(x?y) :A¢a(x7y)7 CCGD,

3.7
(ba(xuy) = (Ma,v_Ma,v0> <x7y7E)7 YIS aDa ( )
where we assume that X\ is not a Dirichlet eigenvalue for —A in D. Then
op (3.8)
—sina /[RO(‘rJ gv k)]x,a(vo(g) —E+ )‘>¢a(£7 y)d£7 T,y € 8D,
D

where

[RO(z 4 evp, £, K)]pa = (cosa —sina 0

5 ) Rz +ev,, & k), z€dD, £€D, (3.9)

0
[0a(& ¥)lea = (COS@ - Smaa_yg) Pally) = (3.10)

= cosada(&y) —sina ($(Nea(-9) (€). &y €D,

where A, is defined in (3.3), ®(\) = Myo(\) is the Dirichlet-to-Neumann map for
(3.7). In addition, formulas completely similar to (3.8) are also valid for the kernels
A (but with Ry in place of Ry) and Aa (but with R in place of R), arising in the
equations for [Y*], and [y, mentioned in Theorem 3.1 and Proposition 3.1.

Proposition 3.4 is proved in Section 4.

Note that, for the case when sin v = 0, formula (3.8) coincides with (3.3). However,
for sina # 0, formula (3.8) does not contain §*R°/dv,0vg in contrast with (3.3) and
is more convenient than (3.3) in this sense.

Theorem 3.1, Propositions 3.1 - 3.4 and the reconstruction results from generalized
scattering data (see [20], [21], [23], [37]-[39], [41]-[43], [47]) imply the following corollary:

Corollary 3.1. To reconstruct a potential v in the domain D from its impedance
boundary map M, .,(E) at fited E and o one can use the following schema:

1.0 = {Sg} AR} {[¥°]a} ]\Zfamo via direct problem methods,

2. {R%Y, My o, My, — {As} as described in Theorem 3.1 and Propositions 3.1, 3.4,
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3. { AL AW o} = {[¥]a} as described in Theorem 3.1 and Proposition 5.1,

4. {89} [ o}, {[¥)a}, Moo, Ma, — {Sg} as described in Theorem 3.1 and
Proposition 3.1,

5. {Sg} — v as described in [20], [21], [23], [37]-]39], [41]-[43], [47],

where {S3} and {Sg} denote some appropriate part of h°, f°, hY and h, f, h,, re-
spectively, {[¢%]a} and {[¢]o} denote some appropriate part of [{°]a, [V ]a, [3]a and
[V]as W, [U0y]as respectively, {R°}, {An} denote some appropriate part of R°, RT,
RY, A, AL, Aoy

Remark 1. For the case when v° = 0, sina = 0, Theorem 3.1, Propositions 3.1 - 3.3
and Corollary 3.1 (with available references at that time at step 5) were obtained in
[36] (see also [34], [35]). Note that basic results of [36] were presented already in the
survey given in [23]. For the case when sina = 0 Theorem 3.1, Propositions 3.1 - 8.3
and Corollary 3.1 (with available references at that time at step 5) were obtained in

[40]

Remark 2. The results of Theorem 3.1, Propositions 3.1 - 3.4 and Corollary 3.1
remain valid for complez-valued v, v° and complex E, o, under the condition that (1.7)

holds for both v and v°.
Remark 3. Under the assumptions of Theorem 3.1, the following formula holds:

Mo (E) = Mouo(E) = (DaRT(E))™ = (DaRT(E)) ™, (3.11)

Daﬁ (E)U(.I') = hlll0 I)a’gl[i (l’,y, V 1;)U(y)(1y,
e—+
oD

DoR*(Eyu(z) = lim [ Do Rz, y,VE)u(y)dy,
oD

(3.12)

x € 0D,

where Do . is defined as in (3.4), R (z,y,VE), R™(x,y,VE), VE > 0, are the Green
functions of (2.16) written as in (2.18) for potentials v, v°, respectively, u is the test
function. For the case when sina = 0, v = 0, d > 3, formula (3.11) was given in
[34]. Using techniques developed in [26] and in the present work, we obtain (3.11) in
the general case.

4 Proofs of Theorem 3.1 and Propositions 3.1, 3.2, 3.4

In this section we will use formulas and equations for impedance boundary map from
|26]. These results are presented in detail in Subsection 4.1. Proofs of Theorem 3.1
and Propositions 3.1, 3.2, 3.4 are given in Subsections 4.2, 4.3.
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4.1 Preliminaries

Let Gou(2,y, E) be the Green function for the operator A — v + E in D with the
impedance boundary condition (1.6) under assumptions (1.2), (1.3) and (1.7). We
recall that (see formulas (3.12), (3.13) of [26]):

Goa,v(xvyaE) :Ga,v(yaxaE)> xayeDa (41)
and, for sina # 0,

1 COoS &
May(2,y, E) = —5—Gap(z,y, E) —
’ sin“ov sin «v

dop(r —y), z,y € 0D, (4.2)

where M, (z,y, ) and dpp(x —y) denote the Schwartz kernels of the impedance bound-
ary map MQ,U(E) and the identity operator I on dD, respectively, where M, and I are
considered as linear integral operators.

We recall also that (see, for example, formula (3.16) of [26]):

1

sin «

v(e) = o [ (cosav(€) = sina b(©)Gouln & EVE, zED, (43)

oD

for all sufficiently regular solutions 1 of equation (1.1) in D and sin a # 0.
We will use the following properties of the Green function G, (x,y, E):

Gao(z,y, E) is continuous in x,y € D, x # vy, (4.4)

|Ga,v($,y,E>| S Cl(’I - y’2_d>’ l’,y € D7 fOI‘ d Z 37
Gon(®,y, B)] <ar(|ln |z —yl]), z,yeD, for d=2,

where ¢; = ¢1(D, E,v,a) > 0.

Actually, properties (4.4), (4.5) are well-known for sina = 0 (the case of the Di-
rechlet boundary condition) and for cosa = 0 (the case of the Neumann boundary
condition). Properties (4.4), (4.5) with d > 3, 22¢ < 0, v =0 and E = 0 were proven
in [29]|. For d = 2 see also [5|. In Section 6 we give proofs of (4.4), (4.5) for the case of
general o, v and E.

In addition, under assumptions of Theorem 3.1, the following identity holds (see
formula (3.9) of [26]):

[ = ywitds = [l (Vo = s ) (9] (1.6
D oD

for all sufficiently regular solutions 1, 1/° of equation (1.1) in D for potentials v, v°,

respectively, where [¢],, [¢°], are defined according to (1.5).
Identity (4.6) for sin @ = 0 is reduced to the Alessandrini identity (Lemma 1 of [1]).
We will use also that:

||R( Jullervs ) < ca(D, Q, v, k, 6)||ul|L= (D)
/R z,y, k)u(y)dy, x €, (4.7a)

keCl\ (RIUE),



Reconstruction of a potential from the impedance boundary map 15

HR’Y(k)uHCH“S(Q) < 03<D7 Q,v,k, v 5)HUH]LO°(D)7

R (k)u(z) = /Ry(x, y, kyu(y)dy, €, (4.7b)
vesTh keR\ ({0}UE,),

for u € L>®(D), § € [0, 1), where € is such an open bounded domain in R? that D C
and C'*? denotes C'* with the first derivatives belonging to the Holder space C°.
We will use also the Green formula:

0 0
/ (¢1% - ¢2%) dx = / (¢1A¢2 - ¢2A¢1) du, (4-8)
oD D

where ¢; and ¢, are arbitrary sufficiently regular functions in D.

4.2 Proof of Theorem 3.1 and Proposition 3.1

For the case when sin @ = 0, Theorem 3.1 and Proposition 3.1 were proved in [40]. In
this subsection we generalize the proof of [40] to the case sina # 0. We proceed from

the following formulas and equations (being valid under assumption (2.2) on v° and
v):
1\¢
(1) — KOk, 1) = (—) [ ~)wle) ~ et b,
R4 '
k1€ CH\ (E°UE), K* =12, [Tmk| = [Imi| # 0,
vl k) = 0o k) + [ By k)(ols) — 0°(0)) 0Ly Ky
b (4.10)

reRY keCt\ (RTUEY),

where (4.10) at fixed k is considered as an equation for ¢ = e**u(x k) with u €
L>(R?);

s = 1m0 = (52) [0 -0 - P R -

R4

E,le R\ ({0} ueTPUET), k2 =17

B k) = o0, k) + / RO, y, k) (u(y) — o ()6 (v, k)dy,

J (4.12)

reRY EeRY ({0}ue™?),

where (4.12) at fixed k is an equation for ¢ € L>°(R?);
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)= 18500 = (52 ) [ 0% =k =0 (0(0) = ) o

(4.13)
yeSTLkeRY\ (ELUE,), 1€RY, K =P,
¢%%@=¢%n@+/R%L%M@@%ﬂWwWﬂ%@@,
J (4.14)

zeRY, yesT! keRY\ ({0}ué)),

where (4.14) at fixed v and k is considered as an equation for 1., € L>(R?),

We recall that ¢*, f, ¢, h, ¥, h, were defined in Sections 2, 3 by means of (2.3)
- (2.9), (3.5). Equation (4.12) is well-known in the classical scattering theory for the
Schrédinger equation (2.1). Formula (4.11) was given, in particular, in [50]. To our
knowledge formula and equations (4.9), (4.10), (4.14) were given for the first time in
[38], whereas formula (4.13) was given for the first time in [40].

In addition, under assumption (2.2) on v" and v:

equation (4.10) at fixed k € C*\ (R U £°) is uniquely solvable

ik : dy . (4.15a)
for ¢ = "™ p(x, k) with p € L=(R?) if and only if k ¢ &,
equation (4.12) at fixed k € R®\ ({0} U £™0) is uniquely (4.15b)
solvable for /™ € L®(R?) if and only if k ¢ £T; '
equation (4.14) at fixed v € S" and k € R?\ ({0} UET) (4.150)
15¢

is uniquely solvable for 1, € L™(R?) if and only if k ¢ &,.

Let us prove Theorem 3.1 for the case of the Faddeev functions v, h. The proof of
Theorem 3.1 for the case of ™, f and the proof of Proposition 3.1 are similar.

Note that formula (3.1) follows directly from (4.6) and (4.9).

Using (2.17) and applying (4.6) for equation (4.10), we get that

¢®$%WW%@=//W%%$%JMM—MMU@%EW@wm%@,

aD oD
r RN\ D,
(4.16)
where 3
[R(2,&, k)¢ = (cosa — sin aa—y) R%(x, & k). (4.17)
3

Equation (3.2) follows from formula (4.16), definition (1.5) and the property that

lim | cosa —sina
e—>+0

018/1) U(ZL‘ + El/x) = [U(I’)]O” x E 8D’ (418)

for u(z) = (x, k) — °(x, k).
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4.3 Proofs of Propositions 3.2 and 3.4

In this subsection we prove Propositions 3.2, 3.4 for the case of equation (3.2) for [¢],.
The proofs of Propositions 3.2 and 3.4 for the cases of ¢ and 9, are absolutely similar.

Proof. Proposition 3.2. The proof of Proposition 3.2 for the case of sin @ = 0 was given
in [40]. Let us assume that sina # 0.

Using (4.2), we find that
1
(Ma,v - avo) (5 Y, ) ) (Ga,v - av‘)) <§ Y, ), 5, Y e oD. (419)

S1n”

Using (2.17), (4.1), (4.8) and the impedance boundary condition (1.6) for Gy, Ga0,
we get that

/ R (0,6, k)G G (€, 1, B =

oD

—/([Ro(x,g,k)]mg (Gap — Gaw) (& y, E)dE—

—RO(Z',E, k)[(Ga,v - avo) (5 Y, )] 7§> df =
(4.20)
—sina / <R0(m,£,k)A§ (G — Gowo) (6,1, E)dé—

D

- (Ga,v - avo) (6 Y, )AﬁRO(x7€7 k)) dg =

—sina [ R@,6.8) (o6) = () Ganl6.. B, @ R\ D, y € 0D,
D
Combining (4.16), (4.19) and (4.20), we obtain that

Au(z,y, k) = lim <cosa — sin aaa

e—+0 Vg

) Bu(z + vy, y, k), x,y € 9D, (4.21)

where

Ba(x.y, k) = / RO (2, €, K)o (M — Mao)(&, 9, ) —

oD

/Ro(x,g, k) (0(€) = 0°(€)) Gan(é,y, B)dE, (4.22)

~ sina
r€R¥\ D, yedD.
Thus, we have that the limit in (4.21) (and, hence, in (3.3)) is well defined and
1
JIR @€ ) (o) = ) Gos (€1, BV, 1,y € DD (423)

sin «
D

Ao(z,y, k) =
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Let Aa(k) denote the linear integral operator on 0D with the Schwartz kernel
An(z,y, k) of (3.3), (4.23). Using (4.5), (4.7), (4.23), we obtain that

Ao(k) : L=(dD) — C°(0D)

) ) (4.24)
is a bounded linear operator.

~

As a corollary of (4.24), A, (k) is a compact operator in L>°(D). O

Proof. Proposition 3.4. Using (2.17), (3.7) and (4.8), we get that

0 0
/ (¢a(§7 y)a_lngO(x)gv k) - RO(:L‘7£7 k)a_yggba(& y)) d£ -

oD

= / (¢a<€7y)A§Ro(xu §7 k) - R0<$,£, k)A£¢a<§7y)) d£ =

D

(4.25)

:/Hﬁﬁ¢Wﬂ®—E+M%@w%,
D
z€RI\ D, ye€dD.

Combining (3.7), (4.22) and (4.25), we find that

&@%MI/WW@MM%@wﬁz

oD

= /Ro(ﬂ%f, k)[9a (& y)]e.ads —sina/RO(az,f, B)(02(6) — E + N)gal(6, y)de, (4-20)
oD D

r€R¥\ D, ye€dD.

Combining (4.21) and (4.26), we obtain (3.8). )
Formula (3.10) follows from (3.7) and the definition of ®.
O

5 Proof of Proposition 3.3

For the case when sina = 0, Proposition 3.3 was proved in [40]. In this section we
prove Proposition 3.3 for sina # 0. We will prove Proposition 3.3 for the case of
equation (3.2) for [¢],. The proofs for the cases of ¢)* and 1, are similar.

According to (4.15), to prove Proposition 3.3 (for the case of ) it is sufficient
to show that equation (3.2) (at fixed k € C?\ (R? U £°)) is uniquely solvable in the
space of bounded functions on 0D if and only if equation (4.10) is uniquely solvable
for 1 = e p(z, k) with p € L>®°(R9).

Let equation (4.10) have several solutions. Then, repeating the proof of Theorem
3.1 separately for each solution, we find that [¢)], on 0D for each of these solutions
satisfies equation (3.2). Thus, using also (1.7) we obtain that equation (3.2) has at
least as many solutions as equation (4.10).
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To prove the converse (and thereby to prove Proposition 3.3) it remains to show

that any solution [¢], of (3.2) can be continued to a continuos solution of (4.10).

Let ¢ be the solution of (1.1) with the impedance boundary data [¢],, satisfying

(3.2). Let

MQFWW%M+/FWw$W@%W%mww@,er.

D

Using (4.7), we obtain that
1y defined by (5.1) belongs to C*™°(R%), § € [0, 1).
We have that

(—A 4+ %) — E)yi(a) = (o°(x) — v(@))blz), z €D
<—A+ww»—mmm»:/—ax—www»wﬂwwwmyz

= (0°(z) —v(2))y(zx), =€ D.
Combining (4.6) and (4.22), we get that

/ﬁ%wﬁw@—W@WMWZ/&@%@WMw%er\D

oD

Using (3.2), (4.21), (5.2), (5.5), we find that

1 (2)]a = [z, B)]a + /Aa(x,y, B)W)lady = [(2)la, = €dD.

oD

Using (5.3), (5.4) and (5.6), we obtain that

(—A+0°(z) — E)(¥1(x) —(x)) =0, =z €D,
(1 () — (x)]e =0, x€dD.

Since v° satisfies (1.7), we get that

(5.1)

(5.2)

(5.3)

(5.4)

(5.5)

(5.8)

Combining (5.1), (5.2) and (5.8), we find that 1, is a continuos solution of (4.10).

6 Proofs of properties (4.4), (4.5)

As it was mentioned in Subsection 4.1, properties (4.4), (4.5) are well-known for cos o =
0 (the case of the Neumann boundary condition). To extend these properties to the

case of general o, v, E, we use the following schema:
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1. Goyw = Gay o by means of Lemma 6.1 given bellow (with sin oy # 0 and sin o #
0),

2. Gau, — Ga, by means of Lemma 6.2 given bellow.

The proofs of steps 1, 2 are based on the theory of Fredholm linear integral equations
of the second kind.
Starting from (4.4), (4.5) for cosa = 0 and combining steps 1, 2 and the property

Ga,v('7'7E) :Ga,’U—E<.7'7O>7 (61)

we obtain these properties for the case when sin a0 # 0.
As it was already mentioned in Section 4, properties (4.4), (4.5) are well-known for
sina = 0 (the case of the Dirichlet boundary condition).

Lemma 6.1. Let D satisfy (1.2) and potential v satisfy (1.3), (1.7) for some fivzed E
and for a = ay, a = ay simultaneously, where sin oy # 0 and sin oy # 0. Let G denote
the Green function G, ., J = 1,2. Let Gy satisfy:

Gi(z,y, E) is continuous in z,y € D, x # y, (6.2)

Gy(z,y, B)| < arlz —y[*% for d> 3,
|Gi(z,y, E)| <ai|ln |z —y|| for d=2, (6.3)

x,y € D.

Then: B

Go(z,y, E) is continuous in z,y € D, = # v, (6.4)

|Go(z,y, B)| < aglz —y[*¢ for d >3,
|Go(2,y, )| < ap|In |x —y|| for d=2, (6.5)

r,y €D,

where ay = as(D, E,a1,v, aq,a9) > 0.

Proof. Lemma 6.1. First, we derive formally some formulas and equations relating the
Green functions GG; and Gs. Then, proceeding from these formulas and equations, we
obtain, in particular, estimates (6.4), (6.5).

Consider W = G5 —G;. Using definitions of G, G5 and formula (4.3), we find that:

(—A, +v(z) — EYW(x,y) =0, z,y €D, (6.6)

x€0D

<cos ag Wz, y) — sinas ZW (z, y)>
Vg

x€0D

= —(cos ay Gi(x,y, E) — sinay ?(1’7 Y, E))
Vg

CoS (v1

= —(cos ay Gi(x,y, E) — sinay o Gi(z,y, E))

xz€dD

(&3]
_sin(ag — a)

G1<x7y7 E)

, YyED,
z€dD
(6.7)

sin an
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1
Wia) = g [ (cosont¥(e) —simen To-() (e e,y € D
S1n o
oD
(6.8)
Using (6.7) and (6.8), we find the following linear integral equation for W (-,y) on 0D:
W(ay) :WO(ay)+K1W(ay)7 yE D7 (69)
where i )
sin(ag — «
Wo(w,y) = ———rt /G1(§ z,B)Gy(€,y, B)dE, (6.10)
sin ap
Klu(x)zsm o — o) /G1§$E §)de,
SN Qg Sln aq (611)
r €D, ye D, u is a test function.
In addition, for
5 W =W = (K1) "W (6.12)
j=1
equation (6.9) takes the form
5, W = (K1)"Wy 4 K6, W. (6.13)
Our analysis based on (6.6)-(6.13) is given bellow.
Using (6.2), (6.3), we obtain that
(K1)"Wy € C(0D x D) for sufficiently great n with respect to d, (6.14)
K, is a compact operator in C(9D). (6.15)
Let us show that the homogeneous equation
u=Kyu, ueC(dD), (6.16)
has only trivial solution u = 0.
Using the fact that the potential v satisfy (1.7) for a = ay, we define ¢ by
(—A +v(x) — E)p(x) =0, x€D,
Lo (6.17)
cos a1 |ogp — sin vy —|ap = u.
v
Due to (4.3), we have that
W(z) = — /(cosa 6(6) — sinan 2 (€))Gu(€, 2, E)IE, z €D (6.18)
— sin o 1 1 ov 1S 4y ) . .
oD
Using (6.16), (6.18), we find that
sin@e =) oy - Ru(e) = u(x), @€ aD. (6.19)

sin o
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Therefore, we have that

0y, sin(ap — aq)
cos ap(z) — sin oq%(x) = Wzﬁ(m), x € 0dD. (6.20)
Since sin oy # 0 and sin o # 0, using (6.20), we obtain that
0
cos agt)(x) — sin aga—i}(x) =0 (6.21)

Taking into account the fact that the potential v satisfy (1.7) for o = aa, we get that
Y =0and u=0.
Proceeding from

COS (g sin(ag — )
F=Ww d Fr=SCyg ) e g g
(z.y) an sin oy (z,y) sin aq sin am (z.y, B), (6.22)
redD, ye D,

found from (6.9), (6.13) and (6.7) (with F” substituted in place of 9W/0v, ), we consider
1

sin o

W(zx,y) = / (cos a F(&y) — sinalF’(f,y)>G1(£,x, E)d¢, z,y € D. (6.23)
oD

Using (6.9) and properties of G (including formula (4.3)), we subsequently obtain that

1iI£OW($ —evy,y) = F(x,y), r€dD, ye D, (6.24)
e—
W satisfies (6.6), (6.25)
.0 , _
sl—lglo 0. W(x —evp,y) = F'(z,y), x€0D, yeD. (6.26)

From (6.2), (6.3), (6.10)-(6.16), (6.24)-(6.26) it follows that G5 defined as Gy =
G1 + W is the Green function for the operator A — v + E in D with the impedance
boundary condition (1.6) for & = as and that G satisfies (6.4), (6.5). O

Lemma 6.2. Let D satisfy (1.2) and potentials vy, vy satisfy (1.3), (1.7) for some
fired E and o. Let G; denote the Green function Ga,,, j = 1,2. Let G satisfy:

G1(z,y, E) is continuous in z,y € D, z # y, (6.27)

Gi(2,y, B)| < agle —y[>~! for d >3,
|Gi(z,y, E)| <as|ln |z —y|| for d=2, (6.28)

z,y € D.

Then: B

Go(x,y, F) is continuous in x,y € D, = # y, (6.29)

’G2($7y7E)| §a4|x_y|2id for d237
Gal,y, B < aaln fo — ]| for d=2, (6.30)

T,y € D,

where ay = a4(D, E, a3, vy, v, ) > 0.
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Proof. Lemma 6.2. First, we derive formally some formulas and equations relating the
Green functions GG; and G,. Then, proceeding from these formulas and equations, we
obtain, in particular, estimates (6.29), (6.30).

Using (4.1), the impedance boundary condition for Gy, G2, we find that

G0 B) = [ Gilw & B) (e — a(6) + B) Galéey. B)

Galiry. ) = [ Galé.. B)(Be = (6) + B) (.6, B)

D (6.31)
oG oG
[ (et 52 €0 B) - Gateon B G ) ) s =0
oD
x,y € D.

Combining (6.31) with (4.8), we get that

G2('7y7E)_G1('>y7 E) :KQGQ('aya E)a yE D7 (632)
where
Foute) = [ ()~ 0(6) 6o, €, BJute) e (6.33)
D
In addition, for
0nG =Gy — Y (Kr)'Gh (6.34)
j=1

equation (6.32) takes the form
0,G = (K3)"Gy + K40,G. (6.35)

Our analysis based on (6.31)-(6.35) is given bellow.
Using (6.27), (6.28), we find that

(K3)"Gy € C(D x D) for sufficiently great n with respect to d, (6.36)

K, is a compact operator in C(D). (6.37)

Let us show that the homogeneous equation
u= Ky, ueC(D), (6.38)

has only trivial solution v = 0. Using (6.33), (6.38) and properties of the Green
function G, we find that

(~A+ v (x) - Byulx) = / 5 — €) (12(€) — wa(€)) u(€)de =
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Using (6.27), (6.28), we find that u € C(D). Taking into account the fact that the
potential vy satisfy (1.7), we get that u = 0.

Proceeding from (6.27), (6.28), (6.36), (6.37) it follows that G5 found from (6.32),
(6.35) is the Green function for the operator A — v + E in D with the impedance
boundary condition (1.6) for v = vy and that G, satisfies (6.29), (6.30). O
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