
EURASIAN JOURNAL OF MATHEMATICAL
AND COMPUTER APPLICATIONS
ISSN 2306–6172
Volume 5, Issue 4 (2017 ) 27 – 42

INVESTIGATION OF BEHAVIOR
OF THE DYNAMIC CONTACT ANGLE IN A PROBLEM

OF CONVECTIVE FLOWS

Goncharova O.N., Marchuk I.V., Zakurdaeva A.V.

Abstract The two-dimensional problem of flows with a dynamic contact angle is studied in
the case of an uniformly moving contact point. Mathematical modeling of the flows is car-
ried out with the help of the Boussinesq approximation of the Navier-Stokes equations. On
the thermocapillary interface the kinematic, the dynamic conditions and the heat exchange
condition of third order are fulfilled. The slip conditions (conditions of proportionality of the
tangential stress to the difference of the tangential velocities of liquid and wall) are prescribed
on the solid boundaries kept at constant temperature. The dependence of the dynamic con-
tact angle on the contact point velocity is investigated numerically. The presented results
demonstrate the differences in the flow characteristics and contact angle behavior with re-
spect to the different contact point velocity, friction coefficients, gravity acceleration and to
amplitude of the thermal boundary regimes.
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1 Introduction

Motions of viscous incompressible fluid in domains enclosed by solid boundaries and
liquid/gas interfaces are very important for theoretical study due to various applied
aspects. The problems of hydrodynamics coupled with heat- and mass transfer in
regions with free boundary are closely related to convective multiphase flows through
porous medium, droplet evaporation and liquid films flowing over the solid heated
substrate [1, 2, 3, 4, 5].

From the mathematical point of view the non-stationary fluid flows with free bound-
aries remain very difficult to investigate because of the dynamic contact angle problem
[6, 7, 8, 9, 10, 11, 12, 13]. It occurs due to the incompatibility of the conditions on
the free surface of the liquid and the conditions of adhesion on solid surface in the
vicinity of moving three-phase contact line. There are various methods to tackle the
problems with contact angles and to describe motion of viscous incompressible liquid
in the presence of moving contact line (or contact point in the two-dimensional case).
These problem statements assume the replacement of no-slip condition terms by slip
conditions on some sections of the solid walls near the contact line, or the asymptotic
approach, or a suggestion about equality of the contact angle to π or to "zero" etc.
(see, examples in [6, 15, 16]). The solvability of the initial boundary-value problems has
been proved for some mathematical models of fluid flows with dynamic contact angle
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[6, 15, 16, 17]. In [15, 16, 17] it has been proved that the problem is well-posed with
free boundary and dynamic contact angle on the basis of the slip conditions, when the
no-slip condition on the solid boundary has been changed to the proportionality of the
tangential stress to the tangential velocity. The similar conditions will be assumed to
be valid in the present investigation. For the problem of fluid flow in a two-dimensional
domain with free boundary and uniformly moving contact point, the existence theorem,
the belonging of the velocity function to the space H1,2 and the regularity of the free
boundary have been proved in [15, 17]; the asymptotic expansions in a neighborhood
of the contact points have been obtained.

The two-dimensional and axis-symmetric stationary problems have been studied
in [6] in the case of small capillary numbers. The modified problem statement in [6]
includes replacement of the integral equality for a generalized solution by a variational
inequality; an one-sided restriction in a new problem statement consists in the sign-
definiteness for the tangential component of velocity on part of the boundary.

In physical experiments [18, 19, 20, 21] it has been found that the behavior of the
contact angle as a function of the contact point velocity is monotone. In the paper [22]
the numerical investigations of the isothermal fluid flows with dynamic contact angle
have been performed and fair agreement with the experiments has been confirmed.

One of the most important problems of the heat transfer is the extremely high
evaporation rate and heat flux density at the vicinity of contact lines [23, 24, 25]. The
value of the contact angle depends on the temperature of heated solid surface and on the
evaporation rate as well on the velocity of the contact line. In [4] the new experimental
results of changing of the contact angle during evaporation of the water drops on the
open heating substrates in the case of different character of their wettability have been
presented (see also [5]).

We will consider the problem of the fluid flows in a two-dimensional domain with a
contact point moving with a constant velocity. The behavior of contact angle depends
on the velocity of the contact point, and also on the nature of the boundary thermal
conditions specified on solid walls and free thermocapillary interface. The dependence
of the dynamic contact angle on the contact point velocity and the effects of the thermal
regimes should be investigated.

The Navier-Stokes equations in the Oberbeck - Boussinesq approximation will be
considered as a mathematical model to study two-dimensional flows of an incompress-
ible viscous fluid with thermocapillary free boundary. The problem is studied in a quasi-
stationary formulation by the introduction of coordinate system moving with the liquid.
This Cartesian coordinate system is chosen so that the gravity vector is directed along
the longitudinal axis (here Ox, see Fig. 1, g = (g, 0)). Let S = (S, 0) be the velocity of
the free boundary movement in the direction of Ox (S = const). We will seek such so-

lution (b,w, p,Θ), that the following properties are satisfied:
d

dt
b(t, x+ St, y)− S = 0,

d

dt
w(t, x + St, y) = 0,

d

dt
p(t, x + St, y) = 0,

d

dt
Θ(t, x + St, y) = 0. Here b is the

free boundary parametrization, w is the velocity vector of the liquid, p is the pres-
sure, Θ is the temperature. A transition to the moving coordinate system allows one
to reformulate the problem of finding the free boundary position f , velocity v, pres-
sure p, temperature T , which are connected with corresponding functions as follows:
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f(y) = b(t, y)−St, v(x, y) = w(t, x+St, y)−S, p = p(t, x+St, y), T = Θ(t, x+St, y)
[15].

In the current paper the problem statement with dynamic contact angle is presented
in the coordinate system moving with the liquid in dimensional and dimensionless
forms. The dependence of the contact angle on the contact point velocity is studied
numerically in the case of different values of the friction coefficients of type "liquid
- solid wall". The effects of the thermal boundary regimes on the character of this
dependence are investigated.

2 Statement of the problem with dynamic contact angle. Go-
verning equations

We investigate the flows of viscous incompressible liquid in the moving coordinate
system. Let Ω = {(x, y) | y ∈ (0, l), f(y) < x < lx0} be the flow domain (see Fig. 1).
The boundary ∂Ω of the flow region consists of three solid and one open parts: Γ0 =
{(x, y)|y ∈ (0, l), x = lx0} ("bottom"), Γs = {(x, y) | y ∈ {0, l}, x ∈ (0, lx0)} ("lateral
walls"), Γf = {(x, y) | y ∈ (0, l), x = f(y)} (free boundary).

The system of differential equations based on the Oberbeck-Boussinesq approxima-
tion of the Navier-Stokes equations [26, 1] is used to model the flows of the liquid and
to find the unknown functions, namely, the velocity vector v = (u, v), the temperature
T , the pressure p (deviation of pressure from the hydrostatic one):

(v · ∇)v = −1

ρ
∇p+ ν∆v− βgT, div v = 0, (1)

v · ∇T = χ∆T. (2)

Let n be the unit vector of the external normal vector; τ — the unit tangential vector
to the boundary of Ω. The unknown functions v, p, T and parametrization f(y) of the
free thermocapillary boundary Γf satisfy the boundary conditions:

vn = 0 on ∂Ω, (3)

ρν
∂vτ
∂n

+ γvτ = −γS on Γs, (4)

ρν
∂vτ
∂n

+ γ0vτ = 0 on Γ0, (5)

τ ·P(v, p)n = ∇Γσ, n ·P(v, p)n = −σH + ρgf on Γf , (6)

κ
∂T

∂n
= −δ(T − Ta), on Γf , (7)

T = Ts, on Γs, (8)

T = T0, on Γ0, (9)

f(0) = f(l) = 0. (10)

Here vn = v ·n, vτ = v · τ , P(v, p) = −pI + 2ρνD(v)n is the stress tensor, D(v) is the

strain rate tensor with components Dij = 0.5
( ∂vi
∂xj

+
∂vj
∂xi

)
(i, j = 1, 2; x1 = x, x2 = y),
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Figure 1: Geometry of flow region; topology of flow.

∇Γ is the surface gradient (vector operator ∇Γ = ∇ − n(n · ∇)), ρ is the density, ν
and χ are the coefficients of kinematic viscosity and thermal diffusivity, γ and γ0

are the friction coefficients of type "liquid - solid wall", σ is the surface tension lin-
early depending on temperature (σ = σ0 − σT (T − T o); σ0, T o, σT are the positive
constants, σT is the temperature coefficient of surface tension), H is the free bound-

ary curvature (H =
( f ′√

1 + f ′2

)′
, "prime" denotes the derivative with respect to y),

κ is the coefficient of thermal conductivity, δ is the interfacial heat exchange coeffi-
cient, Ta is the external temperature. The contact angle Φ at y = 0 is calculated as

Φ = arccos
( f ′(0)√

1 + f ′2(0)

)
(see Fig. 1).

The boundary condition (3) is the non-flow condition, it includes the kinematic
condition at free boundary Γf ; (4) and (5) are the slip conditions which follow from
the assumption of impulse conservation. Let us note that the condition of ideal slipping
and the no-slip condition follow from (4) by γ → 0 and by γ → ∞, respectively. The
conditions (6) are the dynamic conditions on free surface (projections of the stress
vector on the tangential and normal vectors to Γf ). The third order condition for
temperature (7) or the Newton law of heat transfer is assumed to be fulfilled on the
free boundary. The temperature on the lateral solid walls is kept constant (Ts and T0,
see (8), (9)). The said boundary conditions for temperature (8), (9), (7) allow one to
perform the mathematical modeling of the symmetric flow picture. Thus, the results
of [22] will be generalized for the case of convective fluid flow in the domain Ω with
thermocapillary free boundary Γf .

2.1 Problem statement for the stream function and vorticity

Let the linear size l of the flow domains in the y-direction be the characteristic length.
We introduce the characteristic values for the problem as follows: u∗ is the characteristic
velocity, p∗ = ρu∗ν/l is the characteristic pressure, T∗ is the characteristic temperature
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(temperature drop). The values of the scales will be specified in Section 4.
We reformulate the boundary value problem for the equations (1)-(6) in terms of

new unknown functions ψ (stream functions) and ω (vorticity):

u =
∂ψ

∂y
, v = −∂ψ

∂x
, ω =

∂v

∂x
− ∂u

∂y
. (11)

The functions ψ, ω and T will be found as the solution of the following system of
equations

∆ψ = −ω,Rev · ∇ω = ∆ω +
Gr

Re
Ty, (12)

RePr v · ∇T = ∆T, (13)

written in the dimensionless form. The previous notations for the input functions and
variables are kept.

Direct calculations lead to the following results of writing the boundary conditions
(3)-(6) in terms of ψ:

ψ = 0 on ∂Ω, (14)

∂2ψ

∂n2
−H∂ψ

∂n
= −Ma

∂T

∂τ
on Γf , (15)

1√
1 + f ′2

(−σσH ′ +Ma
∂T

∂τ
H + gf ′) = Q(ψ) on Γf , (16)

α
∂2ψ

∂n2
+
∂ψ

∂n
= −S on Γs (at y = 0), α

∂2ψ

∂n2
+
∂ψ

∂n
= S on Γs (at y = 1), (17)

α
∂2ψ

∂n2
+ γ

∂ψ

∂n
= 0 on Γ0 (at x = x0). (18)

∂T

∂n
= −Nu(T − Ta) on Γf , (19)

T = Ts on Γs (at y = 0 and y = 1); (20)

T = T0 on Γ0 (at x = x0). (21)

In the contact points we have
f(0) = f(1) = 0. (22)

Here
Q(ψ) = Re

(∂ψ
∂y

∂

∂n

∂ψ

∂x
− ∂ψ

∂x

∂

∂n

∂ψ

∂y

)
− ∂

∂n
∆ψ − 2

∂2

∂τ 2

∂ψ

∂n
. (23)

The following nondimensional parameters appear: Re =
v∗l

ν
is the Reynolds number,

Pr =
ν

χ
is the Prandtl number, Ma =

σTT∗
ρνv∗

is the Marangoni number, Ca =
ρνv∗
σ0

is the capillary number, Gr =
βT∗gl

3

ν2
is the Grashof number, Nu =

δl

κ
is the Nusselt

number.
α =

ρν

γl
, γ =

γ0

γ
, σ =

σ0

ρνv∗
=

1

Ca
, g =

gl2

νv∗
=

Gr

Re(βT∗)
, (24)
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σ (see (16)) is the dimensionless surface tension, σ = 1−MaCa(T − T o); ∂

∂n
= n · ∇,

∂

∂τ
= τ ·∇. To reformulate the conditions (3)-(6) on free boundary and conditions (4),

(5) on solid walls in terms of ψ the relations (11), vn =
∂ψ

∂τ
, vτ =

∂ψ

∂n
and (3) are used.

To solve the problem (1)-(10) a transition to the fixed domain Ω = {[0, 1]× [0, 1]}
is made and the following variables are introduced:

z =
x− f(y)

x0 − f(y)
, y = y. (25)

Introduction of new variables (25) demands to perform the new recalculations of all
the derivatives in the equations (12)-(13) and boundary conditions (11)-(23) in terms
of z, y.

The equations (12) and (13) can be rewritten in new variables (25) in the following
general form:

1

B11

(∂U
∂y

+
∂V

∂z

)
+G = 0. (26)

Here
U = B11

∂Ψ

∂y
+B12

∂Ψ

∂z
+BΨ

∂ψ

∂z
, V = B12

∂Ψ

∂y
+B22

∂Ψ

∂z
−BΨ

∂ψ

∂y
, (27)

the functions Ψ, G and coefficients B11, B12, B22 and B are specified in table 1. The
conditions for ψ and ω on the boundaries of Ω are as follows:

ψ = 0,
∂ψ

∂y
+ αω = −S on y = 0, (28)

ψ = 0,
∂ψ

∂y
− αω = −S on y = 1, (29)

ψ = 0,
2f ′′

(x0 − f)(1 + f ′2)

∂ψ

∂z
+

Ma

(x0 − f)2(1 + f ′2)5/2

∂T

∂y
− ω = 0 on z = 0, (30)

ψ = 0,
γ

x0 − f
∂ψ

∂z
− αω = 0 on z = 1. (31)

The thermal boundary regime for the domain Ω defined by the conditions (7)-(9)
is written now in the form:

T = Ts on y = 0, (32)

T = Ts on y = 1, (33)

−
√

1 + f ′2

x0 − f
∂T

∂z
+

f ′√
1 + f ′2

∂T

∂y
= −Nu(T − Tex) on z = 0, (34)

T = T0 on z = 1. (35)

The equation (16) written in the variables z, y (25) will be used to compute the free
boundary position (see Section 3.1).
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Table 1: The coefficients in eq. (26)

Ψ B11 B12 B22 B G

ω (x0 − f) (z − 1)f ′
1 + (z − 1)2f ′2

x0 − f
Re −Gr

Re

(f ′(z − 1)

x0 − f
∂T

∂z
+
∂T

∂y

)
ψ (x0 − f) (z − 1)f ′

1 + (z − 1)2f ′2

x0 − f
1 ω

T (x0 − f) (z − 1)f ′
1 + (z − 1)2f ′2

x0 − f
RePr 0

3 Numerical investigations

The numerical algorithm of calculation of the unknown functions ω, ψ, T (see [22, 27]) is
constructed with the help of the longitudinal transverse finite difference scheme known
as the method of alternating directions [28, 29, 30]. To reach the stationary solution of
the problem we apply a relaxation method and organize an iteration process for solving
the general equation (26):

Ψt =
λ

B11

(
Uy + Vz

)
+ λG. (36)

Here λ is an iteration parameter. To discretize in time we choose a time stepsize
∆t and define tk = k∆t (k = 0, 1, 2, ...), Ψk = Ψ(tk, ·). As a result we obtain the
finite-difference scheme in the form

Ψk+ 1
2 −Ψk

0.5∆t
=

λ

B11

{Uk
y + V k+1/2

z }+ λGk,

Ψk+1 −Ψk+ 1
2

0.5∆t
=

λ

B11

{Uk+1
y + V k+1/2

z }+ λGk, (37)

and introduce the spatial grid for its realization: (zn, ym); zn = (n − 1)hz (n =
1, 2, ..., N1), hz = 1/N (N1 = N + 1); ym = (m − 1)hy (m = 1, 2, ...,M1), hy =
1/M (M1 = M + 1). The derivatives in (37) will be approximated by the finite-
difference analogs of second orders (see examples of approximations V k+1/2

z (xn, ym)
and Uk

y (xn, ym) in [22, 27]). The presented scheme (37) is the scheme formally of sec-
ond order of approximation and unconditionally stable [28, 29, 31]. The grid function
Ψn,m (Ψ(xn, ym) = Ψn,mΨk(xn, ym) is found by solving of the systems of the linear
algebraic equations

−an,mΨ
k+1/2
n,m−1 + bn,mΨk+1/2

n,m − cn,mΨ
k+1/2
n,m+1 = dn,m, (n = 2, ..., N ; m = 2, ...,M)

−an,mΨk+1
n−1,m + bn,mΨk+1

n,m − cn,mΨk+1
n+1,m = dn,m. (n = 2, ..., N ; m = 2, ...,M) (38)

These systems (38) are solved by the variants of the Gaussian elimination (sweep
method) in the directions y and z.
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3.1 Computational algorithm for f

The numerical algorithm for the problem (26)-(35) contains the important part of
computation of the free boundary position. The computational algorithm for f(y)
(and also for f0(y)) has been described in details in [22]. We limit ourselves to the
following comments. We proceed from an initial situation: at given x0 the uniformly
heated to temperature Tin liquid is at rest (for instance, Tin = T0, see (35)). The initial
position of free boundary is defined as the solution of the problem:

σH ′0 − gf ′0 = 0 y ∈ (0, 1), (39)

µ0f
′
0(y) = cos(Φ0) at y = 0, µ0f

′
0(y) = − cos(Φ0) at y = 1, (40)

f0(0) = f0(1) = 0. (41)

The volume of the liquid is calculated:∫ 1

0

(
x0 − f0(y)

)
dy = V. (42)

Here Φ0 is the static contact angle; its value is known [32, 20], µ0 =
1√

1 + f 2
0

, see

(24) for notations σ, g. Note that by given volume V the value x0 can be determined
according to (42). In the following, we will seek the solution (i.e. the position of free
boundary f and the unknown functions) for certain pair (V, x0).

Let us consider the free boundary correction w: w = f − f0; its search will be
performed by solution of the problem:

(µ0w
′)′′ − gw′ = Q on (0, 1), (43)

w(0) = w(1) = 0, (44)∫ 1

0

w(y)dy = 0 (45)

for given S, ψ, ω, T and f0. Here: g =
g

σ
, Q = − 1

σ

Q

µf
−
(
f ′(µf−µ0)

)′′
+
Ma

σ

1

µf

∂(H T )

∂τ

∣∣∣
Γf

,

µf =
1√

1 + f 2
, Q is defined according to (16) and (23), see (24). The term

∂

∂τ
(H T )

∣∣∣
Γf

in the right-hand side of Q in the equation (43) is written in terms of new variables
z, y (see (25)) and calculated at z = 0.

The approximate value of w is constructed on the basis of the finite-difference
scheme realized on an uniform grid ym = (m − 1)hy (m = 1, 2, ...,M1), hy = 1/M ,
M1 = M + 1 [22]. In the assumption of symmetry relative to the line y = 0.5 the
computational grid is introduced so that ym = 0.5 (m = (M/2) + 1). As a results of
introduction of the auxiliary function q = µ0w

′ the problem (43)-(45) is solved on the
interval (0, 1) with respect to the symmetry properties of w and antisymmetry of q
relative to ym.

Note that in [22] a numerical algorithm of solving f0 is proposed (see the statement
(39)-(41)) with use of a computation procedure of the correction w on condition Q = 0
(see (43)-(45)). Starting with f 0

0 = 0 we form a sequence of iterations {f 1
0 , f

2
0 , ...}.
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3.2 General scheme of solution of the coupled problem

With given values of the static contact angle Φ0, position of the point x0 (or, equiva-
lently, with given liquid volume V ), and for given contact point velocity S the numerical
scheme to compute an approximate solution of the presented problem (26)-(35) is or-
ganized as follows.

1. S = 0. We are starting with an approximation of f0 according to the problem
statement in Section 3.1 and to the algorithm constructed in [22].

2. Let S = S+∆S (to reach a necessary value of S we fix a sufficiently small ∆S > 0
and organize "step-by-step" computations for increasing S). In each step we
introduce the iteration processes to compute the unknown functions T , ω, ψ with
given f . The iteration processes consist of serial calculation of {T k+1}, {wk+1}
and {ωk+1} (at initial stage we have ω0 = 0;ψ0 = 0;T 0 = min{Tg, Tb, Ts}).

3. The internal iteration process for ψs is introduced on every step k of the external
iterations of {ωk+1}.

• Stopping conditions for f , T , ω, ψ are determined by the convergence crite-
rion of type: max

n,m
|Ψi+1

n,m−Ψi
n,m| < εΨ maxn,m |Ψi+1

n,m|, where i is the iteration

number, εΨ is a given accuracy.

4. Computation of f is organized according to the algorithm described in Section
3.1 and [22].

5. Transition to the step (2) is carried out until S reaches the value Smax.

The numerical algorithm used for the problems (26)-(35) has been tested with the help
of a benchmark of convection in a square cavity with a heating from one side [33, 34]
and also with the help of the problem of isothermal flow with dynamic contact angle
[22]. A stability of the numerical algorithm, the experimental order of convergence
were investigated in [22] with a sequence of grids according to the Runge rule [1, 22].

5 Numerical results

Numerical experiments are performed for water as a working liquid. The physical
and dimensionless parameters of the problem are as follows: ρ = 1 g/cm3, ν =
0.008 cm2/s, β = 0.15 · 10−3 K−1, σT = 0.1514 dyne/(cm K), σ0 = 72 dyne/cm,
γ = γ0 = {1; 100} g/(cm2 s), κ = 0.144 · 10−2 kal/(cm s K), χ = 0.14 · 10−2 cm2/s,
δ = {0; 2.45 · 10−2; 4.9 · 10−2} kal/(cm2 s K, Re = 1112, Pr = 7, Gr = {23000; 230},
Ma = 21, Ca = 1 · 10−5, ᾱ = 0.8 · 10−4, γ̄ = 1, Nu = {0; 17; 34}. For the characteristic
velocity we choose v∗ =

(
σ0g/γ

)1/3 at g = 981 (cm/s2), γ = 100 (g/(cm2 s)). The char-
acteristic length and temperature drop are chosen equal to l = 1 (cm) and T∗ = 100C.
We perform the calculations with different values of the coefficients of friction of type
"liquid - solid wall" γ, γ0 [20, 22] and for two different values of static contact angle
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a) Φ0 = 63 and Φ0 = 87. b) Φ0 = 63 and Φ0 = 87

Figure 2: Dynamic contact angle. Effects of the static contact angle. g = 981; γ =
γ0 = 100. (a) Isothermal case: Φ0 = 87 (solid line), Φ0 = 63 (dashed line); Nu = 34,
"8 × 1"- regime at solid walls: Φ0 = 87 (dash-dot line), Φ0 = 63 (dash-two-dot line).
(b) Regime "4× 1" at solid walls: Φ0 = 87 (solid line), Φ0 = 63 (dashed line); regime
"8× 1" at solid walls: Φ0 = 87 (dash-dot line), Φ0 = 63 (two-dash-two-dot line).

Φ0 (Φ0 = 870, Φ0 = 630). The calculations are carried out in the case of equal values
of the coefficients γ and γ0 (γ = γ0). The thermal boundary regimes are determined
by following values of the Nusselt number (see(19)) Nu = {0; 17; 34} and for Ta = T0.
We also use Ts = 8, T0 = 1 and Ts = 4, T0 = 1 (here the dimensionless values; see
(20), (21)). The thermal lateral regime is symbolically denoted as "Ts× T0" ("8× 1"-
regime and "4× 1"- regime).

The liquid of the volume V (and the free boundary) is moving with the constant
velocity in the x- direction. The contact angle (the angle between the solid wall and
free boundary) is calculated in the position being inside the liquid (Fig. 1). The effects
of the gravity intensity (g), friction coefficients (γ, γ0) and of the values of the static
contact angle (Φ0) on the dependence of the contact angle Φ on the contact point
velocity S are investigated. The features of this dependence relative to the thermal
boundary regimes prescribed on the free and solid boundaries are investigated.

1. The influence of the friction coefficients of type "liquid - rigid wall" has been
investigated. The values of the friction coefficients γ and γ0 equal to 100 and 1
(dimensionless) have been selected. The contact angle increases more intensive
for larger values of γ and γ0 (see Fig. 3a). This trend is observed in the cases
of normal and low gravity (for g = 981 cm/s2 see Fig. 3a; for g = 9.81 cm/s2

see Fig. 3b) for each thermal boundary regime on the rigid walls (results for the
"8× 1"- regime are presented in figures 2a, 3, 4b and for the "4× 1"- regime —
in figures 2b, 4b).

2. The features in the change of the contact angle with respect to a choice of the
value of the static contact angle are demonstrated in figures 2, 3. When the static
contact angle value is lesser (Φ0 = 63 in the presented investigations) the more
intensive increasing of the dynamic contact angle is observed with increasing of
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a) Φ0 = 63 and Φ0 = 87. b) Φ0 = 63 and Φ0 = 87.

Figure 3: Dynamic contact angle. "8 × 1"- regime at solid walls. (a) Comparison
of the effects of friction coefficients and static contact angle (Nu = 34, g = 981):
Φ0 = 87 and γ = γ0 = 100 (solid line), Φ0 = 87 and γ = γ0 = 1 (dashed line),
Φ0 = 63 and γ = γ0 = 100 (dash-dot line), Φ0 = 63 and γ = γ0 = 1 (two-dash-two-dot
line); (b) Effects of free boundary thermal regime and static contact angle (g = 9.81,
γ = γ0 = 100). Φ0 = 87 and Φ0 = 63: isothermal case (solid lines; upper line for
Φ0 = 63); Nu = 0: Φ0 = 87 (dashed line), Φ0 = 63 (two-dash-two-dot line); Nu = 34:
Φ0 = 87 (dash-dot line), Φ0 = 63 (sparse dashed line).

the contact point velocity. In Fig. 3a a comparison of the results is shown for
the static contact angle values equal to Φ0 = 63 and Φ0 = 87 in the case of
normal gravity (g = 981 cm/s2) for different values of the friction coefficients γ,
γ0 (γ = γ0 = 100 or 1). In Fig. 3b we have the results in the case of low gravity
(g = 9.81 cm/s2) for γ = γ0 = 100.

3. The influence of the thermal boundary regimes on the contact angle dynamics
can be studied with the help of the figures 2b, 3b, 4a, 4b.

• The more intensive heating of lateral walls or, equivalently, supporting of the
higher temperature on the "vertical" solid walls (the "8× 1"- regime), leads
to the less intensity of increasing of the dynamic contact angle by comparison
with the "4 × 1" - regime and isothermal case [22]. But such tendency is
observed by beginning at the values of the contact point velocity S which are
larger than S = 2 (see Fig. 4b; here the solid line describes the dependence
of Φ on S in the isothermal case, the dashed line corresponds to the keeping
at the regime "4×1"; the dash-dot line shows the dependence for the thermal
regime "8 × 1"). The effects of larger temperature on the lateral walls are
demonstrated in Fig. 2b: solid line is used for contact angle dependence at
Φ0 = 87 and dashed line — at Φ0 = 63 (the dependence of Φ on S is shown
for the thermal regime "4× 1"). Beginning at value S approximately equal
to 2, the dependence lines lie below than the corresponding lines computed
for the regimes "8× 1". In Fig. 2b the dashed line corresponds to the static
angle equal to Φ0 = 87, and the dash-two-dot line — to the static angle
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a) Φ0 = 63 b) Φ0 = 87

Figure 4: Dynamic contact angle. Effects of thermal boundary regimes. g = 9.81,
γ = γ0 = 100. (a) "8× 1"- regime at solid walls: Isothermal case (solid line), Nu = 0
(dashed line), Nu = 34 (dash-dot line); (b) Nu = 34: Isothermal case (solid line),
"4×1" regime at solid walls (dashed line), "8×1" regime at solid walls (dash-dot line).

Φ0 = 63.

• By fixed thermal boundary regime (here the "8× 1"-regime on solid walls;
figures 2a, 3b, 4a) the effects of the Nusselt number on the dependency
character of Φ on S is investigated. In these figures 2a, 3b, 4a a comparison
with dependence of the contact angle on the contact point velocity is pre-
sented for the case of isothermal flow [22]. It is interesting to note that the
graphs characterizing the behavior of the dynamic contact angle by isother-
mal flow are located higher than in the non-isothermal case, if the contact
point velocity varies up to the value about S = 2 (cm/s) (changing of Φ in
the case of isothermal flow is demonstrated in Fig.4a with solid line, in Fig.
2a with solid line at Φ0 = 87 and with dashed line at Φ0 = 63; in Fig. 3b
the dependence of Phi on S for the isothermal case is presented with solid
lines both for Φ0 = 87 and Φ0 = 63. At values of the contact point velocity
larger than S = 2 the dynamic contact angle grows greater under action
of the thermal regime. The presence of convection assists to increase the
contact angle by larger value of the contact point velocity (here larger than
2 (cm/s)). In the case when Nu = 34 (Fig. 3b: sparse dashed and dash-dot
lines; Fig. 4a: dash-dot line) the graphs of the dependence of Φ on S lie
distinctly below than at Nu = 0. The boundary condition (19) or (34) at
Nu = 0 determines the thermal insulation of the free boundary.

4. The numerical investigation of the contact angle dependence on the contact point
velocity is carried out under conditions of normal and low gravity (for g = 981
(cm/s2) see figures 2a, 2b, 3a; for g = 9.81 (cm/s2) see figures 3b, 4a, 4b). The
results demonstrate unequal qualitative behavior of the investigating dependence
of the contact angle Φ on S and also insignificant quantitative discrepancy.

5. The topology of flow is characterized by the two-vortex flow structure that is
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Figure 5: Free boundary. Φ0 = 87; g = 981; Nu = 34; γ = γ0 = {1; 100}; "8 × 1"-
regime at solid walls. S = 0 and (γ = γ0 = 100 or γ = γ0 = 1) — dashed line, S = 3 and
γ = γ0 = 100 — solid line, S = 3 and γ = γ0 = 1 — dash-dot line.

symmetric relative to the line l = 1/2 (see figures 1, 6). The rotor of velocity is
especially intensive along the lateral walls y = 0, y = 1. In the case of higher
value of the contact point velocity (S = 3 cm/s, see Fig. 6b) the two-vortex flow
topology is characterized by displacement of vortex corners to the free boundary.
The shapes of free thermocapillary boundary are presented in Fig. 5 for S = 0
(dashed line at γ = γ0 = 100 and 1) and for S = 3 (solid line at γ = γ0 = 100
and dash-dot line at γ = γ0 = 1). This figure confirms the flow picture evolution
by different values of the contact point velocity S.

5 Conclusions

The mathematical model and the numerical algorithm are developed to study the
convective fluid flows with free boundaries and dynamic contact angle in the case, when
the contact point is moving uniformly. The increasing character of this dependence on
the contact point velocity has been established. The different features of dependence
of the dynamic contact angle on the contact point velocity have been investigated
numerically under condition of third order for thermal boundary regime at free surface
and for different values of the friction coefficients of type "liquid - solid wall".
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a) S = 1 b) S = 3

Figure 6: Velocity field. S = 3, Φ0 = 63, g = 981, Nu = 17, γ = γ0 = 100, "8 × 1"-
regime at solid walls.

Acknowledgement

This work has been supported by the Russian Science Foundation (project RSF 15-19-
20049). Authors gratefully acknowledge Prof. J.-C. Legros for fruitful discussions.

References
[1] Andreev, V.K., Gaponenko, Yu.A., Goncharova, O.N., Pukhnachov, V.V., Mathematical models

of convection (de Gruyter Studies in Mathematical Physics), Berlin/Boston, De Gruyter, 2012.

[2] Edwards D.A., Brenner H., Wasan D.T., Interfacial transport processes and rheology, Boston
etc., Blutterworth-Heinemann, 1991.

[3] Nepomnyashchy, A., Simanovskii, I., Legros, J.C., Interfacial Convection in Multilayer Systems,
Springer-Verlag, New York, 2012.

[4] Gatapova E. Ya., Semenov A.A., Zaitsev D.V., Kabov O.A., Evaporation of a sessile water
drop on a heated surface with controlled wettability, Colloids and surfaces A. Psysicochem. Eng.
Aspects, Vol. 441 (2014), p. 776-785.

[5] Carle F., Semenov S., Medale M., Brutin D., Contribution of convective transport to evaporation
of sessile droplets: Empirical model, International Journal of Thermal Sciences, Vol. 101 (2016),
p. 35-47.

[6] Baiocchi C., Pukhnachov V.V., Problems with unilateral constrains for the Navier-Stokes equa-
tions and the problem of dynamic contact angle, J. Appl. Mech. Techn. Phys., Vol. 31, n. 2,
(1990), p. 185-197.

[7] Pukhnachov V.V., Solonnikov V.A., On the problem of dynamic contact angle, J. Appl. Mathe-
matics and Mechanics, Vol. 46, n. 6, (1982), p. 771-779.

[8] Schweizer B., A well-posed model for dynamic contact angles. Preprint 98-11, IWR, Heidelberg,
1998.

[9] Shikhmurzaev Y. D., Mathematical modelling of wetting hydrodynamics, Fluid Dyn. Res., n. 13
(1994), p. 45-64.

[10] Socolowsky J., Eine verallgemeinerte Leitlinienmethode zur Berechnung mehrschichtiger
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